STABILITY OF SPHERICALLY CONFINED FREE BOUNDARY
DROPS WITH LINE TENSION

BY BENNETT PALMER

ABSTRACT. We study the geometry of a stable drop of incompressible liquid
constrained to lie in a spherical container. The energy functional is comprised
of the surface tension, the wetting energy and the line tension. It is shown that
the only stable equilibrium drops having the topology of a disc are flat discs and
spherical caps. Sharp conditions for the stability of equilibrium spherical caps
and flat discs are given.
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FIGURE 1. The basic three phase configuration.

1. INTRODUCTION

The determination of the equilibrium surface having free boundary on a sup-
porting surface is a subject with a long and interesting history which probably
originates with Da Vinci’s investigation of the surface of a capillary tube. The ba-
sic three phase system consists of a partially filled container, in the present case, a

spherical container partially filled by a liquid. Josiah Gibbs observed that points on
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the free boundary curve which is given by the interface of the liquid’s surface with
the container, being in contact with three distinct phases, should carry an energy
term of their own; the so called line tension. For isotropic materials, this energy is
often represented by a multiple of the length of the boundary curve, although other
possibilities can be used. Since this line tension scales linearly while the surface
energy scales quadratically, the line tension becomes increasingly more significant
at small scales. In addition, at small scales the gravitational force, which scales
cubically, is negligible so it is omitted here.

In this paper, we study the stability of equilibria for a liquid drop contained
within a spherical container as in Figure 1. Since the drop is liquid, the energy
of its free surface X is proportional to the area and we normalize the constant of
proportionality to be one. The interaction of the material of the drop with that
of the container contributes a wetting energy which is proportional to the area of
the spherical region Q) in contact with the bulk of the liquid. Points on the free
boundary curve 0% are in contact with three phases; the drop, the container and
the material, assumed to be air, which occupies the region interior to the sphere
which is complimentary to the drop. These points contribute an energy term, the
line tension discussed above, which we assume to be proportional to the length of
0X. We thus arrive at the total energy

(D) E := ArealX] + wArea[Q] + BLength[0X],

where w and 3 are coupling constants. The main result presented here is the
following:

Theorem 1.1. Ler X : (£,0X) — (B3,S2) be a C? immersed equilibrium drop
where ¥ is the unit disc in R?. Then, if the surface is stable, X(L) is a spherical
cap or a flat disc.

Nitsche [10] considered the free boundary problem without wetting or line ten-
sion, (w = B = 0), and gave a beautiful complex analytic argument to show that
the only equilibrium disc type solutions, stable or otherwise, are spherical caps and
flat discs. In [11], Ros and Souam extended this result to drops with wetting energy
but no line tension (3 = 0).

For genus zero surfaces contained in the upper half space x3 > 0 and having
one free boundary component in the plane x3 = 0, it is known that for 3 > O,
all equilibrium surfaces are spherical caps [7]. When 3 < 0 holds, it was shown
by B. Widom [15], that the equilibrium spherical caps are never stable. These
surfaces are however energy minimizing among rotationally symmetric surfaces.
It was pointed out in [13] that this mathematical instability does not preclude the
physical existence of drops with negative line tension, since the wave lengths of
destabilizing variations may lie below the length scale for which this type of energy
model is valid.

In the second part of the paper, we study the stability of spherical caps. We give
a necessary and sufficient condition for a spherical cap to be a stable equilibrium
for a functional of the type (1).



2. STABILITY OF DISC TYPE EQUILIBRIA

In order to obtain the equations characterizing equilibrium, we subject the sur-
face I to a variation X, = X+ e5X + O(e?). Letting X denote the position vector
of the surface, we write 8X = T + N, where N denotes the surface normal and T
is tangent to X. The field 5X must, in addition, be tangent to the sphere S? along
0%, i.e.

(2) X-0X=0,0n0Xx

and it must satisfy the condition

3) JlbdeO
pX

which means that the variation infinitesimally preserves the volume of the drop. A
standard argument using the Implicit Function Theorem [2] can be applied to show
that conditions (2) and (3) are sufficient to produce an actual variation X + €dX +
O(e?) which preserves the volume and keeps the drop confined to the sphere.

The first variation of the total energy is

4) dAreall] = —J 2HY dX +§; 0X -nds,
ba ox

where n = X’ x N is the unit conormal to 0X which it tangent to £. (“prime”
denotes differentiation with respect to arc length along 9X) and H is the (scalar)
mean curvature. The variation of the wetting energy is [11]

5) dArealQ)] = fj; 80X -nds,
oL

where i = X x X' is the unit conormal to 9X in S2. We point out that our orien-
tation of the surface Q) is different from that of the surface X since n x X’ = N,
while i x X’ = —X. Along 0Z, there holds X"/ = —X + kg, where kg is the
geodesic curvature of 9 in S2. The variation of the line tension is

6) dLength[0X] = —i; X".8Xds.
oz

By considering variations with compact support satisfying (3), we can conclude
that H = constant in the interior of £. Then, collecting the boundary terms, we
conclude that

0 :% (n+ wi+ B(X —kgn)) - 5X ds
or
must hold for all admissible 6X. This will hold if and only if n+ (w — Bl_cg n+pX
is parallel to X along 0%, i.e.
(7) X x (n+ (w— Bkg)) =0

must hold. Since X x i = —X’and X x n = (X-N)N x n = (X - N)X’, we see
that (7) is equivalent to

(8) X -N=—Bkg+w),
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and the first variation is given by

9) 5E:—J 2H¢dz+jg [X N+ pkg —w]X' x X 5Xds.
b3 %

Obviously, axially symmetric CMC surfaces contained in the ball having their
boundary circles on the sphere provide examples of equilibrium surfaces, Partial
examples, i.e. constant mean curvature surfaces having a boundary arc on the
sphere where (8) holds, can be produced using Bjorling’s Formula [6]. This for-
mula gives the construction of a minimal surface containing a given ‘strip” which
consists of a real analytic curve C(s), parameterized by arc length, together with
a unit vector field 1(s) orthogonal to the curve at each point. If X(w) denotes the
minimal immersion and defined on a neighborhood of the real axis in the complex
plane, then the formula is

w
(10) X(w) :==R{C(w) —iJ n(z) x C'(z) dz}.

Wo
Here C(w) and n(w) denote the analytic continuations of C(s) and 1(s) respec-
tively.

We take C : I — S? be curve which is real analytic in its arc length parametriza-
tion such that its geodesic curvature satisfies | — [3129 + w| < 1 for constants w,
[3. We also use I_<g to denote the analytic extension of the geodesic curvature to a
neighborhood of I in the complex plane. We then define

n(s) = (@ — BRg)C(s) — /1~ (Bkg — w)2 € x C'(s).

The field 1 will turn out to be minus the unit normal N restricted of the minimal
surface restricted to the curve C(s).
Plugging the field 1 into (10), we get that

w

X(w) := Re{C(w) —iJ (w— BEQ)C(W) x C'(s) +\/1 — ([5129 —w)2C(z)dz}
Wo

defines a minimal surface satisfying ( 8) on C(I). Locally, the curve C(I) divides

the minimal surface into two parts, on interior to the 2-sphere and one exterior.

The interior part is then a minimal surface having a boundary component satifying

(8). This construction is useful since it shows that there is no local obstruction to

having an equilibrium surface with a non circular boundary arc.

The second variation of the functional E was worked out in detail in the paper
[12], however we do the calculations for the special case where the supporting
surface is a sphere in the appendix. Assuming the surface X to be in equilibrium,
the second variation of energy is given by.

(11) §°E :—Llpuxp] dZ+£Z¢BN)] ds.

Here L = A+ (4H? —2K), where K is the Gaussian curvature of the surface and A
denotes the Laplace-Beltrami operator. With sin « := X - n, the boundary operator



has the form
(12)

B[] = Vi-n— (ﬁ—cotoch(n) n))p—

ﬁ((lb

sin & * sin &

oo+ 14Ky )2y
sin o

At points on the boundary where X - n =: sinx = 0, 1/ sin « must be replaced

by —T - n, where T is the tangential part of $X. Defining \p := |55/ sin ot and

integrating by parts, the second variation can now be expressed

(13)

§%E —J vw|2—dN|2¢dZ+j§ Bl(Ws)2—P?]—?[esc x—cot(o) I1(n,n)] ds
> 0x

This formula extends (11) to the class of functions
K:={peH (Z)|P:=9/sinc e H'(dL)}.

Definition An equilibrium surface is stable if 52F > 0 holds for all {p € X such
that (3) holds.
Diagonalizing the second variation leads to a spectral problem of the form

(L+A)p =0,0onX,Bp] =00n0ok.

The second condition is a type of Wentzell boundary condition, has been widely
studied [3], [8], [14].

It will be assumed that £ is an embedded topological disc which is in equilibrium
for the functional E such that 90X is a piecewise smooth curve. Our aim is to show
that if £ is stable, then £ must be axially symmetric. For ¢ € (R3)*, the field
¢ x X generates an infinitesimal rotation with axis c¢. It is clear that this flow, being
a one parameter family of isometries, preserves volumes, areas and arc lengths.
Introduce the function ¢ := ¢ x X - N. It is then clear that 1\ satisfies L[{p¢] = 0
in £ with Bl = 0 on 0X. Also note that (3) holds since rotations preserve
volume and (2) is obviously satisfied. We will need the following:

Lemma 2.1. [f there exists an arc 7y in the boundary of the disc on which . = 0
holds, then the surface is axially symmetric and it must be a flat disc or a spherical
cap.

Proof. Assuming that the hypotheses of the lemma hold, at least one of the
following two statements must be true: (i) there is an open arc Y7 C y on which
X - n is nowhere zero. (ii) there is an open arc Y7 C 7y on which X - n = 0 holds.

In case (i), write

(14) 0=YPe=cxX-N=cxX-nxX =—(X-n)(c-X'),

so ¢ - X’ = 0 holds on 1. It follows that X(y1) lies in the intersection of S? with
a plane, so itis a circular arc.
Since X(y1) is a circular arc, kg is constant and we get from (8)

(15) 0 =05(X N+ Pkg—w) =05(X-N) =X+ (—tgn—knX') = —14Xn,

where T4 denotes the geodesic torsion of 0% in L and ky denotes the normal
curvature. This means that T4 = 0 holds on y;. We use this to compute the normal
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derivative of \{ on yy:

OnPe = exn-N+e¢xX-dN(n)
—Nxn-¢c—(2H—-kn)ex X-n—1ge x X- X'
—X"-e— (2H —kn)X' - e —Tge x X - X'

= 0.

Now we have that . = 0 = 9y along yq which is a sub arc of the unit cir-
cle. We can then use the Cauchy- Kovaleskaya Theorem to conclude that 1, = 0
holds on Z. Recall that by elliptic regularity, CMC surfaces in R> are real analytic
([9], Theorem 6.6.1) and hence the coefficients of the operator L are real analytic
with respect to the standard coordinates on the disc. The CMC surface X can be
analytically continued across the arc yy. The technique to do this, given in [5]
for minimal surfaces, extends to the CMC case. The Cauchy problem L[f] = 0
with f = 0 = 9,,f on 7y is locally well posed and we can conclude that f = 0
is the unique solution in a neighborhood of any point in 7. Therefore 1 = 0 in
a neighborhood of any point in 1 and so by uniqueness of analytic continuation
VP = 0 holds in X.

Since P = 0 holds, it follows that X is axially symmetric about the vector c,
since the torque field X X ¢ is everywhere tangent to the surface, so each of its
integral curves, which are coaxial circles perpendicular to ¢, are contained in the
surface. Since the surface has constant mean curvature and is assumed to be a
topological disc, £ must be either a spherical cap or a flat disc.

If case (ii) holds, we must have X - N = +£1 on 1, since X - X’ = 0 holds.
Consquently N” = +X’ implies that ky = £1 and 14 = 0 holds. We again get
from (8) that 1_<g = constant on X(y7). Since the curvature k of X(y1) as a space
curve satisfies k> = 1+ Eé, kK = constant holds. We can then easily obtain from
X" = —X+ kg, that X" and X’ are parallel. Since the torsion of X(y1) is given
X’ x X" - X" /IX" x X"|, the torsion is zero and so X(y7) is a circular arc.

Note that when X - n = 0 holds, a calculation similar to that done in (14) shows
that \p, := a x X - N vanishes identically along 'y for any non zero vector a. We
take a to be a non zero vector which is perpendicular to the plane containing yy.
The same steps in the calculation for 9,1 done above then show that 0,1, = 0
holds along v and by the same reasoning, the surface is axially symmetric and
must be a spherical cap or flat disc. q.e.d

Proof of Theorem 1.1 On 0L, there holds o = ¢ x X -N=-NxX-¢ =
—(X-n)Nxn-¢=—(X-n)X’-c. We will use this to show that if we assume the
surface is not axially symmetric, then there always exists a ¢ € (R3)* such that the
function . has, at least, four sign changes on 0X.

If (r,0) are the polar coordinates on the disc, then X’ = Xg/|Xg| and so

(16) Pelor = —(X-n/[Xg[)Xp - €.



For any ¢

% Xe‘cd9:§ (X'C)edezo
or ox

holds. Let
f{; Xpe® d0 = A +iB e C3.
0x

Thus, there exists ¢ € R3, ¢ # 0 with 0 = ¢- A = ¢ - B. It then follows that for this
¢ the function Xg - ¢ can be represented as a Fourier series of the form

Xp-c= Z(aj cos(j0) + b sin(j0)) .
j=2

Since the disc is simply connected, this function can be interpreted as the boundary
values of the real part of the complex analytic function

F(z) =) (aj—ibj)2.

j=2

Note that F(z) = z?n(z) for a function 1(z) which is complex analytic in the
disc. The variation of arg(F(z)) over the boundary of the disc is therefore at least
47t If Re(F(z)) vanishes identically on an open arc in 0Z, then the same is true for
1. and, by Lemma 2.1, the surface is axially symmetric so we can assume that this
does not happen. Because the variation of arg(F(z)) is at least 47, Re(F(z)) must
have at least four sign changes on 0X. Specifically, there are at least four points
pi which are contained in arcs on which Re(F(z)) is positive on one side of p;
and negative on the other side. The same is true for the function .. This follows
from equation (16) and the fact that X - n > 0 holds on 9 since the function ||X]|?
clearly assumes its maximum on 0X. Also recall that X - n cannot vanish on any
arc in 0X by Lemma 2.1 and (16).

At each point pj, at least one arc of the nodal set of . must enter . These
arcs must divide the disc into at least three nodal domains of the function .. We
will now show that the existence of more than two nodal domains of 1, implies
instability. Suppose (21,3, ...Qn are nodal domains, N > 3. We can assume
Q7 and Q, are adjacent to each other. Let UL =Q; UQ,, V=X \ l.

Define J to be the set of all functions f on U satisfying the following conditions:
(1) f is piecewise C TonU, (ii) f/X - nis piecewise C T on dX and (iii) f = 0 on
OU\OZ. Note that .|y € F. Also, since (X-N)2+(X-n)? = 10on dZ, F contains
all functions vanishing identically on V which are of the form v(1 — (X -N)?) near
oU N 9Z, where v is smooth function. In particular, this includes C2°(U). Define

—cotac dN(n) - n)f? ds

W= inf(J V> — (4H? — 2K)f? dx —J
F\Ju

drnou Sin &
+6J ?5—?2ds>/J 2 dx .
dznou u

By using the function [, we get that i < 0 holds.



Suppose w1 = 0. Let * be the function which is identically 1, in (7 and is
identically zero off (0. Then {* realizes the infimum (; = 0 and hence we have,
forall ¢ € C(U),

0 = a(J IV(* + eQ)l* — (4H? — 2K) (V" + e()? d=
u

J —— —cotoe dN(n) - n)(p* + €¢)* ds
dZnou S

‘HSJ (Pp* + €é)§ — (* + €d)? ds)
dznau

e=0
= ZJ V* - VI — (4H? — 2K)p*C ds .
u

In other words, \* is a weak solution of L = 0 in U. Elliptic regularity then implies
that \* is a classical solution. However \p* = 0 on Q5 which contradicts a well
known unique continuation property [1].

We can therefore conclude that (g is negative and so there is then an f € &F
for which the ratio in (17) is negative. Extend f to be zero in V. Let {» be the
function which is identically equal to . in V and is identically zero in U. There
is a nontrivial superposition ¢ := c1f 4+ c2p2 € K which has zero mean value.
We seek a variation field X = ¢N + T, with T tangent to X such that on 0X there
holds 0 = 8X - X = ¢N - X + (T - n)(n - X). In other words, we want T - n =
—(¢d/(n-X))N-X. This last expression is well-defined and piecewise differentiable
by the definition of F. Let w be the solution of the biharmonic Dirichlet problem
A?w = 0 in X having boundary values w = 0 and 09,w = —¢/(n - X). Then
setting 6X := Vw4 N, we get 5X - X = 0 on 9X. Using a standard method ([2]),
this variation field can be shown to arise from a genuine one parameter family of
surfaces contained in the ball which enclose the same volume as X and for this
variation, the second variation of energy would be negative. Thus, for the surface
to be stable . = 0 must hold, in which case the surface is axially symmetric.
q.e.d.

3. STABILITY OF EQULIBRIUM SPHERICAL CAPS

We consider a spherical container represented as the unit ball B. It is occupied
two phases a and b, separated by a single interface X which is assumed to have the
geometry of a spherical cap or flat disc. The exterior of B is occupied by a phase
c. Each interface carries a surface energy which is proportional to its area. The
coupling constants for the interface between phase x and phase y is denoted oy
with 04p normalized to be 1. The total energy is then given by

& = ArealX] 4+ oqcArealQ] + opc (47w — Area[Q]) + BLength[0X]
17 = Area[Z] + (0qc — 0pc)ArealQ] + BLength[0X] + 4710 -

There are two possible configurations, pictured in Figure 2, which can occur: It is
clear from (17) that every configuration of type Il is variationally equivalent to one
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FIGURE 2. Two configurations of spherical caps.

of type I, but with a different coefficient w since the volume preserving variations
of ¥ must preserve the volumes of both the a and b phases. For this reason, we
will only consider the configurations of type 1. Equilibrium discs can be considered
as surfaces of either type.

FIGURE 3. Spherical cap

First assume that the surface is not a flat disc. We represent a spherical cap &
as the intersection of a sphere of radius R and center (0,0, c) with the unit ball
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centered at the origin. The energy is

(18)  E =2mR%*(1 —cos ) + 2mw(1 — /1 —R2sin? ¢) + 2tBRsin ¢ .

The boundary condition for equilibrium becomes
¢ —Rcos

(19) R(1—ccosdp) =P \/1 o Roos ol

+w,

where ¢, R, ¢ are related by
1=¢? —|—R2—2cRcosd>.

From Figure 3, we get cosx 4+ ccos ¢ = R. Using this we get, after some
manipulation, that the second variation formula for a spherical cap X is given by
(20) 5 " 1

2 cot Ny o
SE = | (At 0o (bGP0 B B,

It is clear that a spherical cap which is in equilibrium for a single energy func-
tional is, in fact, in equilibrium for a linear continuum of functionals obtained by
varying (w, 3) so that the right hand side of (19) is left unchanged. A particular
spherical cap will be stable for only a certain range of the parameters in this fam-
ily. For example, all spherical caps are stable when 3 = 0, [11], but for § < O,
all spherical caps are unstable. As in the case of planar boundary, studied in [15],
the surface can be deformed near the boundary so that the length increases while
fixing the wetted area (). This type of deformation can be localized in a small
neighborhood of the boundary curve so that it has negligible effect on the surface
area.

It is also clear from (20), that for a fixed spherical cap, increasing 3, (while
decreasing w so that the right hand side of (8) remains constant), will lead to
instability, since w does not appear in the second variation. The type of instability
that occurs is referred to in [15] as a drying transition since as {3 increases, the drop
will tend to detach from the supporting sphere in order to decrease energy. This
will even happen for w < 0, since the circumference of the wetted disc dominates
the wetted area as its radius tends to 0.

Lemma 3.1. An equilibrium spherical cap for a functional as given in (1) with
B = 0 is stable if and only if it is stable with respect to axially symmetric volume
preserving variations.

Proof. The necessity is clear. Consider the variational problem for a pendent
drop having free boundary in a horizontal plane. If the total energy is

(21) E = Area(Z) 4+ dArea(W) + BLength(dX)

where W is the wetted area in the plane, then the boundary equation for equilibrium
is

B
Rsing *

(22) N-E;=d+
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If weuse N-E3 = —cos ¢ and set B =B/ sin? o and then define & by (22), we
find that an equilibrium spherical cap is also an equilibrium surface for the problem
(21), (see [7]). In addition, the surface is simultaneously stable or unstable for both
problems. However, it follows from Corollary 5.1 of [7] that an axially symmetric
surface is stable for the functional (21) if and only if it is stable with respect to
axially symmetric volume preserving variations. q.e.d.

Theorem 3.2. A non flat equilibrium spherical drop of type I is stable if and only
if
(23) 0 <P < Pmax = c>Rsin® $p(2 + cos ) .

holds. Here ¢, ¢ and R are as in Figure 3.
An equilibrium disc of radius R is stable if and only if

(24) 0 < B < PBmax :=3R>.

Proof. By the lemma, we need only consider axially symmetric variations.
We will first consider the case where X is not a flat disc. Let s denote arc length
from the pole of X and define

25 Pg = N3 dZ:—cos(s/R)—%(1+cosd)).

3T Area(X) L

This function is, up to a multiplicative constant, the unique axially solution of
Au + 2R™2u =constant having mean value zero on X. A calculation gives

On1 _ 05y _ ZSind)
P Py R(1—cosd)’
on 0X. Solving the equation ﬂ + B‘““ csc? aesc? p = % for max

then gives that the second Varlatlon formula (20) vanishes for 3 = Pmax and this
particular choice of 1. Clearly, for any 3 > Pmax, the same function will make
the second variation negative since 1 (Rd) # 0. This shows the necessity of the
condition in the theorem.

To show the sufficiency, we will show that, when 3 = Bnax the second variation
612LF_ attains its minimum value (zero) at uw = 1. Hence for 3 < Pmax, the second
variation is non negative.

For axially symmetric functions and = Pmax , the second variation can be
expressed.

2
(26) SiE = J IVull* — SSu? dL
z

R
—27R(sin ¢ ) (u(R)) (COtd) Bmax csc? ¢ esc? )
2
_ L IVl - 55u? az
2sin

2R (sin &) (W(RW)) (7= s
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Note the homogeneity in u which allows us to normalize the functions.
Let G denote the class of smooth axially symmetric functions u(s), 0 < s < Rd
on X satisfying

R
(27) sz (us(s))?ds =1,
0
and
(28) J wds —o.
>

Because of (28), we have
(29) J IVull? dZ > v4 J u? dx,
bx bx

where v1 denotes the first non zero Neumann eigenvalue of the Laplacian on X.
We claim that there exists a positive constant A such that

(30) L VWP AT > A(u(Re))

holds for all u € G.

For u € G, we have
R 1
(31) 1> ZNJ u?(s)sin(s/R) ds = RJ IVull® dz .
0 b
and
R¢
J u? dx = Z’TEJ u?(s)sin(s/R) ds
b 0
By the Fundamental Theorem of Calculus, we get
Ro 2
2mu(Re) sin? () = ZTKJ ug(s) sin?(s/R) + Eu(s)cos(s/R)sin(s/R) ds.
0
From this, we easily obtain

R R¢
27lw(R)[sin? () < ZW(JO u?(s) sin(s/R) ds)]/z(J sin(s/R) ds)]/2

0

R¢ Ro
—i—47T(J' u?(s)sin(s/R) ds)]/2 (J sin(s/R) ds)”2
R ‘Yo .
— R(1 —cos(qa)((j vul a) 2 ([ dz)”Z) |
z R s

By using (29), the claim easily follows.
The statements (29) and (30) impy that
inf 82F > —o0 .
weg u >
Let {un} C G be a minimizing sequence for 6iE. Using (27), (31), (30) and
a standard argument, one sees that the functions in G are uniformly bounded and
equicontinuous. Hence, by the Arzela-Ascoli Theorem, the set of functions G has
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compact closure in C(X). Also, by (29), (31) and the Banach-Alaoglu Theorem, §
has compact closue in H' (£) with respect to the weak topology.

We can therefore assume, by passing to a subsequence if necessary, that the
sequence {1,,} converges weakly in H'(Z) and strongly in C(Z) to a function
u € H'(Z)NC(X) which realizes the infimum of 52 in G. We take the variational
derivative of 6ﬁE with respect to any compactly supported f € G and get

2
at(6i+th)t:o = J V'LL . Vf — —Zuf dZ = 0
5 R

This shows that u is a weak solution of Au + 2R~?u = constant. By elliptic
regularity, u must be a strong solution. It then follows that w = c\{y, where
is given by (25) and c is a non zero constant. Therefore the minimum of §2E for
functions in G is zero. From this the result follows in the case that X is a spherical
cap.

If £ is the flat horizontal disc of radius R, note that cosx = +/1 —RZ and
sin « = R, so the second variation formula (11) gives for \{ = (1)

1, B

(32) §%E = — L YA T drdd + i{;az P, — [ﬁ + ﬁ]xp) RdO.

Analogous to the spherical case , we consider the radial solution of
(33) Al = constant ,

with mean value zero. The solution is given, up to a multiplicative constant, by
P(r) := r2 — R2/2 which satisfies
Ur _ 4
v RS
Inserting this function in the second integral of (32),we find that X is stable only
if B < 3R3 holds.
The proof of sufficiency is similar to the spherical case and is left to the reader.
q.e.d

We next consider a numerical example for comparison with the result of the
previous theorem.
Let £(u, V) denote the spherical cap enclosing the volume V and having mini-
mum height wand let f(u, w, 3, V) be its energy as given in (1). Figure 4 shows the
graph of the derivative fy, (u, 0.5,0.1,0.44). By considering the sign of fy,,, (u, 0.5,0.1,0.44),
we can see that for ug ~ 0.066, X (1, 0.44) is an unstable critical point while for
u =u; = 0.33, the cap Z(uy,0.44) is stable. In, fact Theorem (3.2) gives

Bmax (Z (U0, 0.44)) 2 0.003002 < 0.1 < 1.151287375 2 Bumax (E(111,0.44))

which verifies the stability, (resp. instability) of (w7, 0.44), (resp. X(ug,0.44)).
The corresponding spherical caps are shown in Figure 5.



0.4 0.5

FIGURE 4. Plot of the derivative of the energy
fu(u,0.5,0.1,0.44) as a function of the lowest point u

(A) X(up,0.44) (B) Z(uy,0.44)

FIGURE 5

4. APPENDIX: THE SECOND VARIATION FORMULA
We consider a one parameter family of embeddings
Ix(%,05) — (B3S?)
(t)p) = Xt(P) )
where I = (—e, €) and X = X. The variation field of order n, &En) (X¢)1—0, will

be denoted by 8™ X. As before, we express 0X in terms of normal and tangential
components as N + T.
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It is assumed that the volume between the surface X (Z) and the 2-sphere is
constant. In addition to (3), this implies the second order condition

(34) on 62X-NdZ+J §X - §(NdX) .
z z

Using this and the fact that H = constant, we compute the variation of the surface
integral in (4).

—6J 2H6X - N dX = —J
b b3
We have used here that 5H = (1/2)Lp]+VH-T = L[] since the mean curvature
is constant when t = 0. We can then deduce from (9) that, since the term in square
brackets vanishes when t = 0, the second variation of energy is given by

2(6H)5X - N dX = —J YLA] dS .
z

(35) 8’°E = —J 1|)L[1])]d£+jg §[X N+ Bkg — w|X’ x X - 86X ds
z 0x

— _J 1|)L[ﬂ)]d£—§ §[X - N+ Bkg|n- 85X ds
b or

It is clear that the T does not contribute to the variation of the surface integral (4)
and it is also clear from (5) and (6) that the component $X - X’ does not contribute
to the variations of the energy E. We can therefore assume that

(36) 5X - X' =0

holds on 0X which simplifies the calculations.

Along 0X we have two right handed bases X, X', i and n, X', N. We can there-
fore write X = cosx N + sinan, i = sin« N — cos o« n. From 86X - X = 0, we
have P cos « + T - nsin « = 0 and we can define

b g ety
Using (36), the first order change in the frame X, X', ii is given by
§X =P, 8X' =’ — PkgX/, i = —pX —Pp'X’.
The first variation of l_<g is then given by
=/ /
Sy = 5 ar)
= —(6n)’ - X' —n’. 8X' +28X’ - X’
= b+ +k7).
Here we have used that when t = 0, s is the arc length parameter along 0X. We
also need

O3(X-N) = X -N+X-5N
P+ X (—VY +dN(T))
= P—YPnpsina+ (X-n)((T-n)dN(n) -n
= Y—YPpsinax—Pcosx dN(n) - -n.
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Combining this with X - i =/ sin «, gives
§’E =
—J ¢L[¢]dz+§ Il)(ll)n—ll)(.]—cotoch(n)-n))ds—[Sjg P +h(1+k3)) ds.
b ox sin 5

>

Note that at points where sin & = 0, we can make sense of the integrand by replac-
ing P/ sin o with \ defined by (37). Also, in the case 3 = 0, this formula agrees
with that found in [11].
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