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Abstract The recovery of 3D models from visual data generally results in a ge-
ometric skeleton that is a simplification of the shape of the captured
figure, called an avatar. In this paper, we introduce a method called
hierarchical kinematic synthesis that identifies an articulated skeleton,
called kinematic skeleton, which provides a compact representation of
the movement of the tracked subject.

In this work, the kinematic skeleton of a human is computed from
a finite number of key poses captured from full body articulated move-
ments of an arbitrary subject, and provides location of joints, length
and twist angle of links that form the limbs of the 3D avatar. We use
an approximation to the human skeleton which consists of five serial
chains constructed from revolute and spherical joints. To recover the
kinematic skeleton, a hierarchical approximate finite-position synthesis
methodology determines the dimensions of these chains limb by limb.

We show that this technique effectively recovers the kinematic skele-
ton for several synthetically generated datasets, and that the identifi-
cation of the kinematic skeleton improves pose estimation for 3D data
while simplifying the generation of avatar movement.
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1. Introduction
Diverse techniques have been studied for recovery of posture, mo-

tion analysis and motion tracking of articulated subjects from video se-
quences or sets of static images (Kakadiaris and Metaxas, 1998; Bregler
and Malik, 1998). This has applications in the study of gesture, biome-
chanics, anthropometry, human gait analysis, human-computer interac-
tion, realistic computer animation and control of virtual characters.



Body pose recovery methods from images frequently use geometrically
defined models of humans as a reference for pose estimation (e.g. Cheung
and Kanade, 2000; Weik and Liedtke, 2001; Kakadiaris and Metaxas,
1998).

Previous research has focused on creating a geometric skeleton that
represents a simplification of the subject’s geometric properties as a set
of solids roughly aligned to the medial axis of each limb. In this paper,
we determine a kinematic skeleton, which is a compact representation
of the movement of the subject. The geometric skeleton locates a set
of rigid bodies in space, while the kinematic skeleton adds to that the
location of joints that allow the movement of the rigid bodies that form
the limbs.

Animation of an articulated model to achieve human-like movement
is easier using a kinematic skeleton, where configuration changes are
obtained by specifying angles at each joint. We find that anthropomor-
phic movements at the level of a complete avatar are easily obtained
with simplified skeletons (for detailed modeling of human joints see for
instance Lenarcic, Stanisic and Schearer, 2002).

The presented approach uses kinematic synthesis to find the kinematic
skeleton from the movement of the figure. In particular, the input data
is a series of positions of the limbs of the captured subject. Synthet-
ically generated movements of a simplified human skeleton were used
for testing the algorithm. We define the synthesis problem using dual
quaternions to represent the chains and spatial displacements (Perez,
2003). The result is a compact formulation which suggests it will be
feasible to be used in real time applications.

2. Data Acquisition
The actual data consists of synthetically generated movements re-

sembling human motion, represented as a sequence of 4x4 homogeneous
matrix transformations for each limb. In the future, video images will
be used to obtain the motion information characterizing the subject.
For each of the acquired image frames, a set of silhouettes of the actor
and their corresponding camera calibration parameters are obtained, as
shown in Figure 1. The visual hull (Laurentini et al., 1994) containing
the actor is calculated by intersecting the camera frustums, and subdi-
vided into voxels with a resolution defined by the user. This volumetric
reconstruction can be described as the maximal shape that generates the
same silhouette for every reference view outside of the object’s convex
hull.



Figure 1. Visual Hull: concept (left) and example obtained from 4 images (right).

3. Synthesis of Kinematic Chains
The finite-position synthesis of a kinematic chain seeks to find loca-

tions and directions of each of its joint axes from a finite set of positions
defined as rigid transformations. In approximate synthesis, the kine-
matic chain is dimensioned such that its final element passes approxi-
mately through this set of positions. Approximate synthesis is used to
solve this problem since it is not possible to model the movement of real
figures as rigid motions.

In the presented approach, we use the robot kinematics equations or
forward kinematics to define the movement of a skeleton topology (Craig,
1989). We then equate the avatar kinematics equations to the input
data for the limb positions from a reference configuration (Mavroidis et
al., 2001; Tsai, 1999), formulated using dual quaternion algebra (Perez,
2003). The dimensions of the avatar limbs are obtained by minimizing
the distance between the avatar and goal configurations.

3.1 The Kinematics Equations
The kinematics equations of a robot equate the 4×4 homogeneous ma-

trix transformation [D] between the last element of the kinematic chain
and the base frame to the sequence of local coordinate transformations
along the m joints of the chain,

[D] = [G][Z(θ1, d1)][X(α12, a12)][Z(θ2, d2)] . . .
[X(αm−1,m, am−1,m)][Z(θm, dm)][H]. (1)

The parameters (θ, d) and (α, a) are known as the Denavit-Hartenberg
parameters. The transformation [G] defines the position of the first joint
of the chain relative to a fixed frame, and [H] locates the last limb relative
to the last joint.

We use a dual quaternion representation of the displacements instead
of the homogeneous matrix representation. In order to create the dual



quaternion kinematics equations, the expression in Eq.(1) is transformed
into successive screw displacements by choosing a reference position [D0].
Let [Di] be the homogeneous matrix describing the transformation from
the fixed frame to a moving frame Mi, then we can compute [D0i] =
[Di][D0]−1, and Equation (1) can be transformed into

[D0i] = [T (∆θ1,S1)][T (∆θ2,S2)] . . . [T (∆θm,Sm)], (2)

where ∆θj = θi
j − θ0

j or ∆θj = di
j − d0

j depending on whether the joint is
revolute or prismatic, respectively. The displacements [T (∆θi,Si)] define
the rotations about and translations along the joint axes Si measured in
the fixed frame relative to the reference configuration [D0].

3.2 Dual Quaternion Kinematics Equations
The kinematics equations of the serial chain are expressed as elements

of the Clifford algebra of dual quaternions. A spatial displacement con-
sisting of a rotation of θ and translation of d around and along a screw
axis S is written as the dual quaternion Ŝ(θ̂) = sin( θ̂

2)S + cos( θ̂
2), where

θ̂ = θ + εd, and S = S + εp × S is the expression of the screw axis as
a dual vector using Plücker coordinates. The dual unit ε is defined so
that ε2 = 0 (Bottema and Roth, 1979).

Notice that the dual quaternion expression encodes the same infor-
mation as the 4 × 4 screw displacement matrix [T (∆θ, S)]. Thus, we
can define the dual quaternion kinematics equations for the serial chain
by simply replacing the 4 × 4 matrices in (2) by their dual quaternion
equivalents to obtain

D̂i = Ŝ1(∆θ̂i
1)Ŝ2(∆θ̂i

2) . . . Ŝm(∆θ̂i
m). (3)

The Plücker coordinates of the screw axes Si, i = 1, . . . ,m, are defined
in the base frame F .

3.3 Design Equations
For the solution of our problem, we are given a series of positions

(location and orientation) of the subject at different time frames. Let
the n positions be defined as the 4 × 4 transforms [Pi], i = 1, . . . , n.
Construct the n − 1 relative transformation matrices [P1i] = [Pi][P1]−1

and their associated dual quaternions P̂1i, i = 2, . . . , n. Equating the
task dual quaternions P̂1i to the kinematics equations (3), yields the
design equations

Qi : Ŝ1(∆θ̂i
1)Ŝ2(∆θ̂i

2) . . . Ŝm(∆θ̂i
m)− P̂1i = 0, i = 2, . . . , n. (4)



The solution of the total set of design equations provides with the
location and orientation of the joint axes in the reference configuration.
In addition, the solution provides also with the inverse kinematics, that
is, the joint angles needed to reach a given position of the limbs.

4. Kinematic Skeleton Synthesis
The synthesis of a kinematic skeleton begins with the definition of

the skeleton topology and the input data for each limb. From this in-
formation, the design equations for each of the five chains are stated.
A hierarchical solving process is used to synthesize an approximated
solution, including the successive averaging of solutions to obtain an
acceptable final skeleton.

Figure 2. The topology of the kinematic skeleton.

4.1 The topology of the kinematic skeleton
Our approach to the kinematic human skeleton consists of five serial

chains starting from the center of the chest: a chain for the neck and
head, a chain for each of the arms and a chain for each of the legs. The
five chains that form the skeleton, presented in Figure 2, are defined as
follows. Head goes from the chest to the center of the head, and consists
of a spherical joint (S) that performs the movements of the neck. Left
arm goes from the chest to the left hand. It is composed of a spherical
joint in the shoulder, a revolute joint in the elbow, and a revolute joint
in the wrist. We denote the topology of this chain as S-R-R. Right arm
has the same S-R-R structure as the left arm. Left leg consists of a
spherical joint in the hip, a revolute joint in the knee, and a revolute
joint in the ankle. It is hence also a S-R-R chain, and the same holds



for Right leg. In Figure 2, spherical joints are represented as spheres and
revolute joints as lines located at the joints.

4.2 Design equations for the kinematic skeleton
The kinematics equations in dual quaternion form for each of the limbs

are

Q̂head = Ŝneck(θh1, θh2, θh3),

Q̂arm = Ŝshould(θa1, θa2, θa3)R̂elb(θa4)R̂wrist(θa5),

Q̂leg = Ŝhip(θl1, θl2, θl3)R̂knee(θl4)R̂ankle(θl5). (5)

The dual quaternion expression of rotations of θ around an axis of
Plücker coordinates S = (sx, sy, sz) + ε(s0

x, s0
y, s

0
z), is

Ŝ(θ) =


sin θ

2sx

sin θ
2sy

sin θ
2sz

cos θ
2

 + ε


sin θ

2s0
x

sin θ
2s0

y

sin θ
2s0

z

0

 . (6)

For the spherical joint, the dual quaternion expression for the dis-
placements is given by

Ŝ(θ1, θ2, θ3) =
{

α1g1 + α2g2 + α3g3

α4

}
+ ε

{
α1g0

1 + α2g0
2 + α3g0

3

0

}
, (7)

where g1 + εg0
1, g2 + εg0

2 and g3 + εg0
3 are the Plücker coordinates of

three perpendicular axes intersecting at a point, and the αi appear as
combinations of the joint variables,

α1 = sin
θ1

2
cos

θ2

2
cos

θ3

2
+ cos

θ1

2
sin

θ2

2
sin

θ3

2
,

α2 = cos
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sin
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2
cos
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2
− sin
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cos
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2
sin

θ3
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α3 = sin
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cos
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− sin
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sin
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sin
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2
. (8)

In order to create the design equations, we equate the expressions in
Eq.(5) to the input data obtained from the images, P̂ i, for as many time
frames i as are needed to solve for the variables,

Q̂head = P̂ j
head, j = 2, . . . n,

Q̂arm = P̂ i
arm, Q̂leg = P̂ i

leg, i = 2, . . . m, (9)



and solve individually for each of the chains that form the kinematic
skeleton.

4.3 Solution process
In order to synthesize the kinematic skeleton efficiently, we use a hier-

archical kinematic synthesis approach. It consists of solving the design
equations body segment by body segment, starting from the closest to
the base or fixed frame and working sequentially forward along the chain.
In the process, we define the location of each segment at each instant of
time. The resulting equations can be easily solved.

For instance, for the kinematic chain corresponding to one of the arms
in Eq.(5), we solve first for the shoulder using data from three frames
(two frames and the reference or initial frame), by stating the set of
equations

Ŝshould(θi
a1, θ

i
a2, θ

i
a3) = P̂ i

upper, i = 2, 3, (10)

that are solved numerically to obtain the coordinates of the point defin-
ing the spherical joint, c, and the joint angles θi

a1, θ
i
a2, θ

i
a3 that most

closely reach positions 2 and 3. These data allow us to create the dual
quaternion that approximates the movement of the upper arm, namely
S̃should(θa1, θa2, θa3).

To solve for the elbow, the input data of the lower arm must be
equated to the series of transformations from the base to the lower arm,

Ŝshould(θi
a1, θ

i
a2, θ

i
a3)R̂elb(θi

a4) = P̂ i
lower, i = 2, ..., n. (11)

To isolate the dual quaternion corresponding to the elbow, Eq. (11)
is left-multiplied by the inverse of the solution for the shoulder using the
dual quaternion conjugate,

R̂elb(θi
a4) = S̃∗should(θ

i
a1, θ

i
a2, θ

i
a3)P̂

i
lower, i = 2, ..., n, (12)

where the right part of the equality consists of known data, and n = 2
for the case of a revolute joint. We obtain the Plücker coordinates of
the joint axis and the joint rotation for the elbow, which can be used to
create the dual quaternion of the joint R̃elb(θa4).

We use data from the movement of the hand to solve for the last joint
of the chain. The design equations for the wrist are, after pre-multiplying
by the solved joints,

R̂wrist(θi
a5) = R̃∗

elb(θ
i
a4)S̃

∗
should(θ

i
a1, θ

i
a2, θ

i
a3)P̂

i
hand, i = 2, ..., n, (13)

where again, n = 2 and we obtain the solution R̃wrist(θa5).
A similar operation is performed independently for each of the five

chains that define the kinematic skeleton.



To obtain a kinematic skeleton with good accuracy, we need to repeat
this process several times, due both to the lack of accuracy of the input
data, and the disparity between a model made of rigid rotations and the
real movement of the human body. Also the input data has to be general
enough to show the movement of all joints. We perform the synthesis
for a number of steps and average the solutions for each joint, until the
error between solutions is small enough, according to the user needs.

4.4 Minimization and measuring
Approximate synthesis is performed by minimizing the distance be-

tween the position obtained from the kinematics equations and the input
data in Eq.(9). The derivative of the 8-dimensional distance vector,

dnorm = (Q̂arm − P̂ i
arm) · (Q̂arm − P̂ i

arm) (14)

is set equal to zero to create a system of equations

[∂Qarm

∂sk

]
i
(Q̂arm − P̂ i

arm) = 0 (15)

that are solved for the parameters sk of the joints.
The length of the difference vector is a metric for spatial displacements

that, as any other metric that we can define, is not bi-invariant, see
Martinez and Duffy, 1995. However, since the reference frame is defined
in the center of the body, the displacements of all five chains are close
to the standard dimensions of the human body, thus the reference frame
error can be bounded. We expect to explore this in more detail with
real subject data.

5. Results
The present results are based on synthetically generated data and are

used to test the procedure. In Figure 3 we present the results obtained
for a specific subject in 8 different poses, extracted from a sequence of 80
frames, which are the input data for the synthesis method. The first row
shows the input synthetic data at frames i = 41 to 48, the second row the
corresponding recovered pose of the synthesized skeletons approximating
the task configuration and the third row shows the kinematic skeleton at
the reference position. We can see that a good match is obtained when
using synthetic data. For this dataset, 15 frames were needed to obtain
a good approximation of the whole skeleton.



Figure 3. Synthesized kinematic skeleton at frames i = 41 to 48.

6. Conclusions
This paper presents a new method for determining a kinematic skele-

ton and poses of an arbitrary human subject. Finite-position kinematic
synthesis is used to fit a kinematic skeleton defined in dual quaternion



coordinates to the data that defines movement of the subject. A major
advantage of this approach is that it accepts arbitrary poses of human
subjects. In addition, this technique eliminates the need for manual
intervention commonly found in geometric skeleton identification meth-
ods.
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