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Abstract

This paper presents a synthesis methodology for the

RPC serial robot. This robot has a four dimensional

configuration space that can be generated by specifying

a finite set of goal positions. The methodology uses

the kinematics equations of the robot in dual quater-

nion form evaluated at each of the goal positions to

form design equations. The structure of these design

equations allows a systematic elimination of the joint

parameters and a solution for the dimensions of the

RPC robot. An example is provided to demonstrate

the theory.

1 Introduction

This paper presents a new formulation for the kine-
matic synthesis of constrained robots. A constrained
robotic system is one in which each supporting chain
imposes a kinematic constraint on the workpiece.
These systems provide structural support in certain
directions while allowing freedom of movement in oth-
ers. Our synthesis methodology uses a set of goal po-
sitions that describe the workspace of the constrained
robot. The dual quaternion kinematic equations of
the chain are evaluated at each goal position to ob-
tain the design equations. The solutions of these are
the physical dimensions of the robot.

This synthesis methodology is an extension of the
kinematic synthesis of linkages, McCarthy (2000b),
which is based on finding the geometric constraints
of the serial chain. The advantage of an approach
based on the expression of the kinematic equations is
that it can be applied systematically to serial chains
with up to five degrees of freedom. Multiple solutions
obtained with this method can be combined to create
a parallel robot.

2 Literature Review

Spatial linkage synthesis uses the geometric proper-
ties of a serial chain to formulate algebraic equations
that must be satisfied at each of a discrete set of po-
sitions in the workspace, Suh and Radcliffe (1978).

This yields algebraic equations that are solved to de-
termine the dimensions of the chain. Also see Mc-
Carthy (2000). Examples of this are the synthesis of
spatial RR chains (Tsai and Roth (1973), Perez and
McCarthy (2000)), spatial CC chains (Chen and Roth
(1969), Huang and Chang (2000)) and SS chains (In-
nocenti (1994), Liao and McCarthy (1998)).

Recently, Mavroidis and Lee (2001) used the kine-
matics equations of the spatial RR and RRR robots
to formulate their design equations. This approach in-
troduces the joint parameters of the chain at each of
the goal positions as additional variables in the design
equations, see also Lee and Mavroidis (2002). The ad-
vantage is that it can be systematically applied to a
broad range of robotic systems.

We use successive screw displacements (Gupta
(1986), Tsai (1999)), formulated in terms of dual
quaternions, to represent the kinematics equations of
the robot. Dual quaternions were introduced to link-
age analysis by Yang and Freudenstein (1964). They
form an eight dimensional Clifford algebra that con-
tains a subset, known as unit dual quaternions, which
is isomorphic to the group of spatial displacements,
McCarthy (1990). Also see Angeles (1998). This for-
mulation has been applied to several spatial robots,
Perez and McCarthy (2002).

There are two advantages in this formulation. The
first is that successive screw displacements provide a
convenient formulation for the kinematics equations in
terms of the joint axes directly. Secondly, it reduces
the number of equations obtained in each goal position
from 12 to 8.

3 Kinematics Equations

The kinematics equations of the robot equate the
4 × 4 homogeneous transformation [D] between the
end-effector and the base frame to the sequence of lo-
cal coordinate transformations along the chain (Craig
(1986)),
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[D] =[G][Z(θ1, d1)][X(α12, a12)][Z(θ2, d2)] . . . (1)

. . . [X(αn−1,n, an−1,n)][Z(θn, dn)][H ].

The parameters (θ, d) define the movement at each
joint and (α, a) are the length and twist of each link,
collectively known as the Denavit-Hartenberg param-
eters. The transformation [G] defines the position of
the base of the chain relative to the fixed frame, and
[H ] locates the tool relative to the last link frame.

3.1 Successive Screw Displacements

These kinematics equations can be transformed
into successive screw displacements by choosing a
reference position [D0]. Let [Di] be the homoge-
neous matrix describing the transformation from the
fixed frame to a moving frame Fi. We can compute
[D0i] = [Di][D0]

−1, that is,

[D0i] = [Di][D0]
−1 =

([G][Z(θ1i , d1i)] . . . [Z(θni, dni)][H ])

([G][Z(θ10, d10)] . . . [Z(θn0, dn0)][H ])−1
. (2)

This can be viewed as

[D0i] = [T (∆θi
1
, S1)] . . . [T (∆θi

n, Sn)], (3)

where

[T (∆θ
i

1, S1)] = [G][Z(θ1i, d1i)][Z(θ10, d10)]
−1[G]−1

,

[T (∆θ
i

2, S2)] = ([G][Z(θ10, d10)][X(α12, a12)][Z(θ2i, d2i)])

([G][Z(θ10 , d10)][X(α12, a12)][Z(θ20, d20)])
−1

,

...

[T (∆θ
i

n, Sn)] = ([G][[Z(θ10 , d10)] . . .)

[Z(θni, dni)][Z(θn0, dn0)]
−1([G][[Z(θ10, d10)] . . .)

−1
.

(4)

The displacements [T (∆θi, Si)] are the relative ro-
tations about and translations along the joint axes Si

of the robot from the chosen reference configuration.
Notice that by expressing them in this way, the initial
transformation [G] is absorbed in the first joint axis
and the final transformation [H ] disappears from the
expression.

3.2 Dual Quaternion Kinematics Equations

The workspace of the robot can also be expressed
by using the Clifford algebra of the dual quaternions.
A spatial displacement can be represented as a dual
quaternion,

Q̂(θ̂) = sin(
θ̂

2
)S + cos(

θ̂

2
), (5)

where S = s + εs0, with ε2 = 0, is the screw axis

of the transformation. The dual numbers cos( θ̂
2
) =

cos θ
2
+ε(− d

2
sin θ

2
) and sin( θ̂

2
) = sin θ

2
+ε(d

2
cos θ

2
) con-

tain the information about the rotation about and the
displacement along the screw axis. The components
of the dual quaternions can be easily computed from
the homogeneous matrix transformation.

The spatial displacements can be represented as the
set of points Z = (Z,Z0) in R8 which are subject to
two constraints: Z · Z = 1 and Z · Z0 = 0.

The dual quaternion form for the kinematics equa-
tions of the robot are obtained by transforming eq.(3)
into

D̂i = Ŝ1(∆θ̂i
1
) . . . Ŝn(∆θ̂i

n), (6)

where D̂i is the dual quaternion for [D0i] and Ŝj(∆θ̂i
j)

is the dual quaternion for [T (∆θi
j , Sj)].

This approach yields the kinematics equations as
successive screw transformations from the reference
position. It is a useful formulation from the synthesis
point of view because the components of each axis
appear explicitly in the base frame coordinates.

3.3 Kinematics equations for the RPC robot

The RPC robot is a four-degree-of-freedom robot.
The fixed axis G = g + εg0 allows rotation of angle θ

about it. This is followed by a translation d along an
arbitrary direction h, and finally a rotation of angle φ

about an arbitrary axis W = w+εw0 and a translation
b along the same direction w, see Figure 1.

Figure 1: The spatial RPC robot

The dual quaternion kinematics equations are ob-
tained by composing the dual quaternions that repre-
sent each joint axis,

Q̂RPC(θ, d, φ, b) = Ĝ(θ, 0)Ĥ(0, d)Ŵ (φ, b) (7)

4 Design Equations

4.1 Dual quaternion design equations

Let [T (θ1, . . . , θk)] be the kinematics equations of
a serial robot, and let a discrete approximation of the
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desired workspace be given in the form of n goal trans-
formations [Pi], i = 0, . . . , n − 1. The synthesis prob-
lem consists of solving the n matrix equations

[T (θ̂1,i, . . . , θ̂k,i)] = [Pi], i = 0, . . . , n − 1. (8)

We now transform these equations to successive
screw displacements in dual quaternion form. Equat-
ing the n − 1 goal positions P̂ i, i = 1, . . . , n − 1 to
the kinematics equations Q̂(θ̂1, . . . , θ̂k), we obtain the
n − 1 equations

Q̂i(θ̂
i
1
, . . . , θ̂i

k) = P̂ i, i = 1, . . . , n − 1. (9)

For each of the n−1 positions we define eight compo-
nent equations. However, due to the structure of the
dual quaternions, only six of them are independent.

4.2 Counting

The workspace of a robot is an algebraic surface
whose shape is defined by the structure of the robot.
The shape limits the maximum number of arbitrary
task positions that we can fit into it; the concrete val-
ues of the task positions define in turn the dimensions
of the workspace. We need to be able to know the
maximum number of task positions nmax that we can
specify for every different robot.

The following counting is for a robot consisting of r

rotational joints and t translational joints. We assume
that the axes of the rotational and translational joints
are not related, but it is possible to adapt the formula
to other cases just by adding the required constraints.
Every revolute joint axis consists of four parameters
that define a line in space; prismatic joints consist of
two variables that define the direction of the slide. In
addition, we need the value of the joint variables to
reach each one of the task positions.

We equate the number of unknowns to the number
of equations, which are six for each dual quaternion
equality, to obtain

nmax =
3r + t + 6

6 − r − t
. (10)

Due to the semi-direct product structure of dis-
placements in space, where rotations operate sepa-
rately from translations, a counting formula is needed
to ensure that there is no limitation of the maximum
number of task orientations nR,

nR =
3 + r

3 − r
(11)

The cases in which nR < nmax can be solved for
only nR complete goal positions.

4.3 Design equations for the RPC robot

The kinematics equations obtained in Eq. (7), to-
gether with the goal positions P̂ i, are used to create
the design equations

Q̂RPC(θi, di, φi, bi) = P̂ i, i = 1, . . . , n − 1. (12)

We compute the maximum number of complete po-
sitions, with r = 2, t = 2, but considering that the
direction of the prismatic joint b coincides with the
axis of the revolute joint φ. We obtain nmax = 6
complete spatial goal positions. However, if we count
how many rotations we can reach with two revolute
joints, we obtain nR = 5. The maximum number of
complete displacements that we can specify is n = 5.
In order to avoid using partially specified positions,
we impose the prismatic axis h to be perpendicular
to both revolute axes,

g · h = 0 , w · h = 0. (13)

With this extra constraint, we obtain nmax = nR =
5.

5 Solving the Design Equations

The design equations in Eq.(9) contain joint vari-
ables and kinematic parameters defining the joint
axes. Our goal is to eliminate the joint variables,
if possible, and solve for the parameters of the axes,
which define the physical dimensions of the robot.

In order to eliminate the joint parameters, we work
with the equations corresponding to one goal position.
The first step in this implicitization process uses the
semi-direct product structure of the group of spatial
displacements captured by the algebra of dual quater-
nions, which separates the composition of rotations in
the real part from a combination of translations and
rotations in the dual part.

The four rotational components of the dual quater-
nion equation are parameterized only by the revolute
joint variables,

Q̂rot(θ1, . . . , θl) =















qx(θ1, . . . , θl)
qy(θ1, . . . , θl)
qz(θ1, . . . , θl)
qw(θ1, . . . , θl)















=















px

py

pz

pw















(14)

This can always be transformed to a linear system
that allows to solve for two of the revolute joint vari-
ables as a function of the joint axes and the rest of
revolute variables,

[R(θ3, . . . , θl)]















cos θ1

2
sin θ2

2

sin θ1

2
cos θ2

2

sin θ1

2
sin θ2

2

cos θ1

2
cos θ2

2















=















px

py

pz

pw















(15)

where the matrix [R(θ3, . . . , θl)] is invertible for
non-degenerated cases. Degenerated cases are for in-
stance solutions in which the serial chain is not spatial
but planar. We can assume the matrix is compatible
when the axes are a solution for the design problem.
We eliminate linearly two of the rotational parame-
ters in the form of the vector of sine and cosines in
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Eq.(15). We can then substitute these expressions in
the second four components of the dual quaternion,

Q̂trans(θ3, . . . , θl, d1, . . . , dk) =

=















q0

x(θ3, . . . , θl, d1, . . . , dk)
q0

y(θ3, . . . , θl, d1, . . . , dk)
q0

z(θ3, . . . , θl, d1, . . . , dk)
q0

w(θ3, . . . , θl, d1, . . . , dk)















=















p0

x

p0

y

p0

z

p0

w















. (16)

The subsequent joint variables can be eliminated
sequentially in a similar fashion. The reduced set of
equations consists of equations free of joint variables
and conditions on the joint variables we are solving
for.

To the final set of reduced equations we need to add
the Plucker conditions for each joint axis Si = si+εs0

i .

si · si = 1, i = 1, . . . , k + l

si · s
0

i = 0, i = 1, . . . , k. (17)

These equations are in fact the ones that allow us
to consider only six of the eight equations in each dual
quaternion equality.

5.1 Solving the design equations for the RPC

robot

We epxand Eq. (7), Q̂RPC = Q̂0 + Q, to obtain

Q̂0 = c
θ

2
c
φ

2
− g ·ws

θ

2
s
φ

2
+

ε(−(
d

2
g · h +

b

2
g ·w)s

θ

2
c
φ

2
− (

b

2
+

d

2
h ·w)c

θ

2
s
φ

2
+

(
d

2
(g × w) · h − (g

0
·w + g ·w0))s

θ

2
s
φ

2
), (18)

and

Q = gs
θ

2
c
φ

2
+ wc

θ

2
s
φ

2
+ g × ws

θ

2
s
φ

2
+

ε((g
0

+
b

2
g × w +

d

2
g × h)s

θ

2
c
φ

2
+

(w0 +
d

2
h × w)c

θ

2
s
φ

2
+ (

b

2
w +

d

2
h)c

θ

2
c
φ

2

(g
0
× w + g × w0 −

b

2
g +

d

2
(g · w)h)s

θ

2
s
φ

2
), (19)

where c and s stand for cosine and sine respectively.
Use the first four components to solve for the rev-

olute joint angles θ and φ,

[

g w g × w ~0
0 0 −g ·w 1

]















sin θ
2

cos φ
2

cos θ
2

sin φ

2

sin θ
2

sin φ

2

cos θ
2

cos φ
2















=

{

p

pw

}

(20)

to obtain

sin
θ

2
cos

φ

2
=

p · ((−g × w) × w)

(g × w) · (g × w)

cos
θ

2
sin

φ

2
=

p · (−g × (g × w))

(g × w) · (g × w)

sin
θ

2
sin

φ

2
=

p · (g × w)

(g × w) · (g × w)

cos
θ

2
cos

φ

2
=

p · (g × w)(g · w)

(g × w) · (g × w)
+ pw. (21)

We use the relation among these variables to create
the first reduced design equation R1 ,

R1 :
sin θ

2
sin φ

2

cos θ
2

sin φ
2

=
sin θ

2
cos φ

2

cos θ
2

cos φ
2

. (22)

Substitute the values of Eq. (21) in the last four
design equations and eliminate d, b to obtain one ad-
ditional reduced design equation, R2.

These two reduced design equations per task po-
sition, plus the set of Plucker and extra constraints,
form the final set of 15 reduced equations in 15 pa-
rameters,

{R1, R2}
i, i = 1, . . . 4,

g · g = 1, g · g
0

= 0,

w ·w = 1, w · w0 = 0,

h · h = 1, h · g = 0, h ·w = 0. (23)

We can always solve numerically the set of reduced
design equations to obtain the parameters that define
the joint axes. In the case of the RPC robot, an al-
gebraic closed solution can be also found by solving
first independently for the orientation parameters (di-
rections g and w), following for instance McCarthy
(2000). The direction of the prismatic axes are de-
fined by the extra constraints in Eq.(13), and we can
solve linearly for the location of the revolute joints.
We obtain that the RPC robot with the given extra
constraints can have up to six solutions.

6 Numerical Example

We present an example for the design of the RPC
robot. The goal displacements shown on Table 1 and
Figure 2 have been randomly generated.

We solved the design equations algebraically and
obtained four real solutions (no more than four real
solutions have been obtained in any case). Two of
them are acceptable, in the sense that the dimensions
of the robot are of the same order as the task. The
solutions were animated using the software Synthet-

ica 1.0, ( Su et al. (2002)).
Table 2 contains the coordinates of the axes of the

four real solutions. In Figure 3 we can see one of the
solutions, and Figure 4 shows the two solutions while
reaching the five task positions.
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Figure 2: The goal positions

Axis Rot. Trans.

(1.0, 0.0, 0.0; 0.0, 0.0, 0.0) 0o 0
(0.33,−0.26, 0.91; 0.60,−1.02,−0.50) 2.28 0.32

(0.52,−0.56, 0.64; 1.10, 1.47, 0.37) 1.43 −0.27
(0.32,−0.84, 0.43;−0.70, 0.00, 0.52) 5.09 1.66

(−0.55, 0.07,−0.83;−1.31,−0.03, 0.86) 4.55 1.09

Table 1: The goal positions

7 Conclusions

This paper introduces a new formulation for the
kinematic synthesis of constrained parallel robots.
While arbitrary serial chains can have up to six de-
grees of freedom, our focus is on chains with five or
less degrees of freedom. These serial chains impose
constraints on the workpiece of the robot. These con-
straints can be used to provide structural support and
enhance mechanical advantage.

The dual quaternion form of the kinematics equa-
tions of the robot are evaluated at a set of goal po-
sitions to form design equations. These equations in-
clude both axis parameters that define the robot and
joint parameters that define its configuration in a goal
position. The structure of these equations provide a
convenient strategy for the elimination of the joint pa-
rameters, which we demonstrate for the RPC robot.
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