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Abstract—In this paper we formulate the “generalized
inverse kinematics problem” for a spatial serial chain, where
the goal is to determine values for structural parameters as
well as for the joint parameters. The kinematics equations
of the chain are formulated first using matrix exponentials
and then cast into a form based on exponentials in a Clifford
algebra. These equations contain the coordinates of the joint
axes explicitly and have a systematic structure that can be
exploited in their solution. As an example we fit a seven
degree-of-freedom CCS chain to a 12 position task trajectory.
In this problem, we can also specify desired values for the
first two joint angles, and compute the structural parameters
and the remaining joint angles.

I. INTRODUCTION

In this paper we consider the problem of computing
the structural parameters for a serial chain, as well as its
joint parameters, so the robot moves through task positions
in a desired trajectory. This is a generalized version of
the inverse kinematics problem, in which some or all of
the structural parameters of the chain can be varied to
change the properties of the robot. This has applications
to modular and reconfigurable robotic systems (Moon and
Kota [1], Yang and Chen [2]), as well as recovery planning
for crippled robots.
The Clifford algebra exponential form of the kinematics

equations is developed to provide a systematic set of design
equations. These equations are directly related to the matrix
exponential that is often used in robot kinematics, and have
internal structure that can be exploited in their solution.
In what follows we derive the design equations for a

serial chain constructed of n cylindric joints, the nC chain,
which specializes to serial chains consisting of revolute (R)
and prismatic (P) joints—R denotes a revolute or hinged
joint and P a prismatic or sliding joint. The complexity
of this problem increases rapidly, and we show that the
5R case involves the solution of 130 equations in 130
unknowns.
The use of these equations is demonstrated by an ex-

ample design of a CCS serial chain to fit a task trajectory
defined by 12 positions, in which we specify the angles
of the first two joints and solve for the joint axes and the
remaining joint values.

∗This work is partially supported by NSF Grant

II. LITERATURE REVIEW

The geometric design of a robot manipulator defines
the topology and dimensions of the articulated system that
provides the end-effector position and velocity performance
needed for a specified set of applications. Herve [3] shows
how to use the subgroups of the Lie group of rigid body
displacements to formulate robotic systems with desired
workspace properties. Wenger [4] describes the benefits
of new serial chain topologies that allow reconfiguration
within the workspace. Chablat et al. [5] and Li et al. [6]
demonstrate different approaches to the design of special-
ized parallel platforms that optimize position and velocity
performance, which seeks a manipulator that has particular
performance characteristics throughout its workspace.
A related approach to design seeks the robot manipulator

that has specified position and velocity performance at
precise locations within its workspace. Lee and Mavroidis
[7], [8] formulate and solve the design equations for a
3R spatial chain that reaches four arbitrarily specified
positions. This involves equating the kinematics equations
of the chain to four selected positions and solving for the
Denavit-Hartenberg parameters that satisfy these matrix
equations. Perez and McCarthy [11] formulate and solve
the design equations for the RRP and related chains. This
work builds on a tradition of spatial mechanism synthesis
dating back to Suh [9], and Tsai and Roth [10]—also see
Suh and Radcliffe [12], and more recently McCarthy [13].
The complexity of the geometric design problem in-

creases with the number of structural parameters. Four
independent parameters define the axis of a revolute joint
and two define a prismatic joint, therefore the spatial
5R chain has 20 structural parameters. Table I lists the
five degree-of-freedom chains and their associated number
K of design parameters. It also lists the chains that are
formed by combining the revolute and prismatic joints into
spherical (S), cylindric (C) and universal (T) joints –an
RRR chain with concurrent axes forms an S-joint, an RP
chain with parallel axes forms a C-joint, and an RR chain
with perpendicular intersecting axes forms a T-joint. The
design equations for the PPS, TS, CS, RPS, and RRS chains
were originally formulated by Chen and Roth [14], and
were recently solved by Su et al. [15] using polynomial
homotopy.
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Chain Permut. K Special Cases Permut.
RRPPP 10 14 CCP

CRPP 19
TPPP

RRRPP 10 16 CCR
PPS
TCP 36
TRPP
CRRP

RRRRP 5 18 CS
RPS
TCR
TRRP 41
TTP
CRRR

RRRRR 1 20 TS
RRS
TTR 12
TRRR

Total 26 108

TABLE I

THE FIVE DEGREE-OF-FREEDOM SERIAL CHAINS, A COUNT K OF THE

STRUCTURAL PARAMETERS, AND THE NUMBER OF PERMUTATIONS.

The goal of this paper is an efficient formulation of the
design equations for these chains. A benefit of our approach
is that it can also be applied to the design of serial chains
with six or more degrees of freedom.

Fig. 1. Local frames for a serial chain.

III. THE KINEMATICS EQUATIONS OF A SERIAL CHAIN

The position and orientation of the end-effector of a
serial chain is defined in terms of its joint parameters
and physical dimensions by the kinematics equations. We
use the Denavit-Hartenberg formulation to assign the local
joint coordinate frames (Figure 1) necessary to define these
equations, see Craig [16] and Tsai [17].
Let Si, i = 1, . . . n, denote the n joint axes in the chain,

which may define the axis of either a revolute or a prismatic
joint, respectively. Introduce the line Ai,i+1 which is the
common normal to the axes Si and Si+1. We now set the

origin of the joint frame Ti at the intersection of Si and
Ai,i+1, such that the z-axis is Si and the x-axis is Ai,i+1,
see McCarthy (1990)[18].
This allows us to write the kinematics equations of the

chain in the form,

[D] =[G][Z(θ1, d1)][X(α12, a12)][Z(θ2, d2)] . . .
[X(αn−1,n, an−1,n)][Z(θn, dn)][H ], (1)

where [Z(θi, di)] and [X(αi,i+1, ai,i+1)] are the 4× 4 ho-
mogeneous transforms defining screw displacements about
the Z-axis and about the X-axis respectively. The pa-
rameters θi and di define the rotation of a revolute joint
and slide of a prismatic joint, respectively, and α i,i+1 and
ai,i+1 define the dimensions of each link. Collectively
they are known as the Denavit-Hartenberg parameters. The
transformation [G] locates the base of the robot in the world
frame, and [H ] locates the tool frame relative to the last
joint frame.

A. Relative Displacements

If we choose a reference position for the end-effector, de-
noted by [D0], called the zero reference position by Gupta
(1986)[20], the displacement of the serial chain relative
to this reference configuration is defined by [D(∆�θ)] =
[D(�θ)][D(�θ0)]−1. Assume that [D0] is a general position
of the end-effector defined by joint parameters �θ0, so
∆�θ = �θ − �θ0. Then, using the kinematics equations (1),
we have

[D(∆�θ)] =
(
[G][Z(θ1, d1)] . . . [Z(θn, dn)][H ]

)
(
[G][Z(θ10, d10)] . . . [Z(θn0, dn0)][H ]

)
)−1.
(2)

If we expand this expression, the relative transformation
takes the form

[D(∆�θ)] = [T (∆θ1, S1)][T (∆θ2, S2)] . . . [T (∆θn, Sn)],
(3)

where Si are the Plucker coordinates of each joint axis at
the reference configuration expressed in the world frame.

B. The Product of Exponentials

Rather than use the Denavit-Hartenberg parameters for
design, we write the 4 × 4 homogeneous transforms as
matrix exponentials, (Murray et al. (1994)[19]) so the
Plücker coordinates of the joint axes appear explicitly in
the kinematics equations.
Consider a displacement defined such that the moving

body rotates the angle φ and slides the distance k around
and along the screw axis S = (S,C×S). Let µ = k/φ, then
we can introduce the screw J = (S,V) = (S,C×S+µS),
where µ is called the pitch of the screw. The components
of J define the 4 × 4 twist matrix,

J =

⎡
⎢⎢⎣

0 −sz sy vx

sz 0 −sx vy

−sy sx 0 vz

0 0 0 0

⎤
⎥⎥⎦ , (4)
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and we find that the 4 × 4 homogeneous transform
[T (φ, k, S)] that performs a rotation of angle φ and a
translation k about and along the screw axis S is defined
as the matrix exponential

[T (φ, k, S)] = eφJ . (5)

Using the exponential form the transformations
[T (∆θi, Si)], we obtain the relative kinematics equations
(3) as

[D(∆�θ)] = e∆θ1S1e∆θ2S2 . . . e∆θnSn . (6)

The product of exponentials form of the kinematics
equations (1) is now obtained as

[D] = [D(∆�θ)][D0] = e∆θ1S1e∆θ2S2 . . . e∆θnSn [D0].
(7)

IV. THE EVEN CLIFFORD ALGEBRA C+(P 3)

The Clifford algebra of projective three space P 3 is a
sixteen-dimensional vector space with a product operation
that is defined in terms of a scalar product, see McCarthy
(1990)[18]. The elements of even rank form an eight
dimensional subalgebra C+(P 3) that can be identified
with the set of 4 × 4 homogeneous transforms. Mullineux
[21] describes the use of this Clifford algebra for motion
interpolation, and Perez and McCarthy [23] and Daniilidis
[22] describe its use in robot design and camera calibration,
respectively. See also Castelain [25].
The typical element of C+(P 3) can be written as the

eight dimensional vector given by

Â = a0 +a1i+a2j +a3k+a4ε+a5iε+a6jε+a7kε, (8)

where the basis elements i, j, and k are the well-known
quaternion units, and ε is called the dual unit. The dual
number ε commutes with i, j, and k, and multiplies by the
rule ε2 = 0.
In our calculations, we use the notationA = a1i+a2j+

a3k andA◦ = a5i+a6j+a7k—the small circle superscript
is often used to distinguish coefficients of the dual unit.
This allows us to write the Clifford algebra element (8) as

Â = a0 + A + a4ε + A◦ε. (9)

Now, collect the scalar and vector terms so this element
takes the form of a dual vector and a dual number,

Â = (a0 + a4ε) + (A + A◦ε) = â + A. (10)

Using this notation the Clifford algebra product of ele-
ments Â = â + A and B̂ = b̂ + B takes the form

Ĉ = (b̂+B)(â+A) = (b̂â−B·A)+(âB+b̂A+B×A), (11)

where the usual vector dot and cross products are extended
linearly to dual vectors.

A. Exponential of a screw

The Plücker coordinates S = (S,C × S) of a line are
given by a dual vector that represents the direction and
location of the line. The first vector S gives the direction,
while the second vector C× S is constructed as the cross
product of a point on the line times the direction, and it is
called the moment of the line. These can be identified with
the Clifford algebra element S = S+εC×S. Similarly, the
screw J = (S,V) = (S,C×S+µS) becomes the element
J = S + εV = (1 + µε)S. Using the Clifford product we
can compute the exponential of the screw θJ,

eθJ = 1 + J +
θ2

2
J2 +

θ3

3!
J3 + · · · . (12)

to obtain

eθJ = (cos θ − d sin θε) + (sin θ + d cos θε)S

= cos θ̂ + sin θ̂S. (13)

with the dual angle θ̂ = θ + dε.
Equation in (13) introduces the unit dual quaterion

which is identified with spatial displacements,

Q̂ = cos
φ̂

2
+ sin

φ̂

2
S = (1+

1
2
dε)(cos

φ

2
+ sin

φ

2
S), (14)

where the rotation angle is φ = 2θ.

B. Clifford algebra kinematics equations

The composition of Clifford algebra elements defines
the relative kinematics equations for a serial chain that are
equivalent to (6).
Consider the nC serial chain in which each joint can

rotate an angle θi around, and slide the distance di along,
the axis Si, for i = 1, . . . , n. Let �θ0 and �d0 be the
joint parameters of this chain when it is in its reference
configuration, so we have

∆�̂θ = (�θ+ �dε)−(�θ0+ �d0ε) = (∆θ̂1, ∆θ̂2, . . . , ∆θ̂n). (15)

Then, the movement from this reference configuration is
defined by the kinematics equation,

D̂(∆�̂θ) = e
∆θ̂1
2 S1e

∆θ̂2
2 S2 · · · e∆θ̂n

2 Sn ,

= (c
∆θ̂1

2
+ s

∆θ̂1

2
S1)(c

∆θ̂2

2
+ s

∆θ̂2

2
S2) · · ·

(c
∆θ̂n

2
+ s

∆θ̂n

2
Sn). (16)

Note s and c denote the sine and cosine functions, respec-
tively.

V. DESIGN EQUATIONS FOR A SERIAL CHAIN

The goal of our design problem is to determine the
dimensions of a spatial serial chain that can position a tool
held by its end-effector in a given set of task positions. The
location of the base of the robot, the position of the tool
frame, as well as the link dimensions and joint angles are
considered to be design variables.
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A. Specified task positions

Identify a set of planar task positions [Pj ], j = 1, . . . , m.
Then, the physical dimensions of the chain are defined by
the requirement that for each position [Pj ] there is a joint
parameter vector �θj such that the kinematics equations of
the chain satisfy the relations

[Pj ] = [D(�θj)], i = 1, . . . , m. (17)

Now, choose [P1] as the reference position and compute the
relative displacements [Pj ][P−1

1 ] = [P1j ], j = 2, . . . , m.
For each of these relative displacements [P1j ] we can de-

termine the dual unit quaternion P̂1j=cos φ̂1j

2 +sin φ̂1j

2 P1j ,
j = 2, . . . , m. Now writing equation (16) for the m − 1
relative displacements, we obtain

P̂1j = e
∆θ̂1j

2 S1e
∆θ̂2j

2 S2 · · · e
∆θ̂nj

2 Sn , j = 2, . . . , m. (18)

The result is 8(m−1) design equations. The unknowns are
the n joint axes Si, i = 1, . . . , n, and the n(m − 1) pairs
of joint parameters θij + dijε.

B. Counting

The eight components of the unit Clifford algebra kine-
matics equations (18) are not independent. In particular,
it is easy to see that a dual unit quaternion satisfies the
identity,

Q̂Q̂∗ = e
∆φ̂
2 Se−

∆φ̂
2 S = 1, (19)

which imposes a pair of constraints. This means that we
have 6(n-1) independent design equations.
We now count the joint axis parameters in a chain

that consists of r revolute joints and p prismatic joints.
A prismatic joint is defined by the two parameters of
the unit vector S that defines the slide direction. The
revolute joint axis is defined by Plücker coordinate vectors,
Si = S + C×Sε, that have four independent components.
Thus, the joint axes that define this chain have 4r + 2p

independent unknowns. In addition, there are (r + p)(m−
1) unknown joint parameters that define the m relative
positions. We obtain

E =4r + 2p + (r + p)(m − 1) − 6(m − 1)
=(3r + p + 6) + (r + p − 6)m, (20)

where E excess of unknowns over equations. This excess
can be made to equal zero for chains with degree of
freedom dof = r + p ≤ 5, in which case we specify

m =
3r + p + 6
6 − r − p

, (21)

task positions. If fewer than this number of task positions
are defined, or if the chain has six or more degrees of free-
dom, then we are free to select values for the excess design
parameters. In Table II we show the basic five-degree-of-
freedom chains, the minimum number of parameters and
equations, and the number of task positions that can be
defined in order to obtain a finite set of solutions.

Chain K Task positions Total equations
RRPPP 14 15 84
RRRPP 16 17 96
RRRRP 18 19 108
RRRRR 20 21 120

TABLE II

THE NUMBER OF TASK POSITIONS THAT DETERMINE THE

STRUCTURAL PARAMETERS FOR FIVE DEGREE-OF-FREEDOM SERIAL

CHAINS.

S1

S2

S3

S4

S5

θ1

θ2

θ3

θ4

θ5

d1

d2

d3

d4

d5

Fig. 2. The 5C serial robot.

VI. ASSEMBLING THE DESIGN EQUATIONS

The structure of the Clifford algebra design equations
provides a systematic approach to assembling the design
equations for a broad range of serial chains. The basic
approach is to formulate the design equations for the nC
serial chain, and then i) restrict the joint variables to
form prismatic or sliding joints, and ii) impose geometric
conditions on the axes to form other joints. The result is a
systematic way of defining the design equations for a broad
range of chains. Here we present the procedure for the 2C
serial chain, but it has been implemented for the 3C, 4C
and 5C cases, as well. Figure 2 presents the 5C robot.

A. The 2C chain

The Clifford algebra form of the relative kinematics
equations for the 2C chain can be written as

D̂(∆�̂θ) = (c
∆θ̂1

2
+ s

∆θ̂1

2
S1)(c

∆θ̂2

2
+ s

∆θ̂2

2
S2), (22)

where Si = Si + S◦
i ε define the joint axes in the reference

position, and ∆θ̂i = ∆θi + ∆di define the rotation and
slide of the cylindric joint around the i th axis.
Expand the right side of (22) using the Clifford product

to obtain

D̂(∆�̂θ) =ĉ1ĉ2 − ŝ1ŝ2S1 · S2+
ŝ1ĉ2S1 + ĉ1ŝ2S2 + ŝ1ŝ2S1 × S2. (23)

For convenience, we have introduced the notation ĉi =
cos ∆θ̂i

2 and ŝi = cos ∆θ̂i

2 .
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Equation (23) can be written in matrix form to emphasize
that it is the linear combination of four monomials, which
we assemble into an array in reversed lexicographic order
obtained by reading right to left,

V̂ = (ĉ1ĉ2, ŝ1ĉ2, ĉ1 ŝ2, ŝ1 ŝ2)T . (24)

Collecting terms in (23), we obtain the matrix equation

D̂(∆�̂θ) =
[
0 S1 S2 S1 × S1

1 0 0 −S1 · S2

]
V̂. (25)

The Clifford algebra notation is compact in that each
column of this matrix actually forms a column of eight
real coefficients. Similarly, each of the monomials in V̂
expands into four real terms, which we can list as

M = (V,
∆d1

2
V,

∆d2

2
V), (26)

whereV is the array of real parts of V̂. Thus, (25) expands
to an 8×12matrix equation. The number k of joint variable
monomials in an nC serial chain is given by

k = (n + 1)2n. (27)

Thus, these equations become 8× 32, 8× 80 and 8× 192
for 3C, 4C and 5C chains.
The kinematics equations (25) can be used directly for

the design of a 2C chain. They can be also specialized to
obtain design equations for other chains.

B. Special Cases

The ith cylindric joint in the 2C chain is converted to a
revolute joint simply by setting ∆di = 0. The monomials
in (26) that define the RC, RR or PP chains are given by

RC : M = (V,
∆d2

2
V),

RR : M = V,

PP : M = (1,
∆d1

2
,
∆d2

2
). (28)

The RR and RRR chains can be further specialized by
introducing geometric constraints between their joint axes.
Consider the RR chain formed by axes Si and Si+1. If

we require these axes to intersect in a right angle, then we
obtain Hooke’s joint, denoted by a T following Crane and
Duffy [26]. If the axes of an RRR chain are constrained so
that they are perpendicular and intersect in a single point,
then the chain allows full orientation freedom around this
point, and is called a spherical, or S, joint.

VII. THE SYNTHESIS ALGORITHM

The described approach has been used to create a general
synthesizer algorithm for robots with two to five joints
(Figure 2), allowing the design of robots from 2 to 10
degrees of freedom.

A. Structure

The general syntesizer contains the terms of the Clifford
algebra kinematics equations for the 5C robot. In order
to improve the calculations, the kinematics equations of
the 5C robot are collected as a function of the monomials
following the methodology introduced in Eq.(26). The 5C
robot has 10 joint angles and the kinematics equations can
be collected in 192 terms.
These terms are the 32 terms containing products of sines

and cosines of the θi joint angles,

V ={s1s2s3s4s5, (s1s2s3s4c5)5, (s1s2s3c4c5)10,
(s1s2c3c4c5)10, (s1c2c3c4c5)5, c1c2c3c4c5} (29)

plus 5 sets of terms containing the same terms multiplied
by one of the joint slides di, to obtain the set of monomials,

M = {V,
∆d1

2
V,

∆d2

2
V,

∆d3

2
V,

∆d4

2
V,

∆d5

2
V} (30)

The kinematics equations of the 5C robot can now be
written as the sum of products,

Q̂5C =
192∑
i=1

KiMi, Mi ∈ M, (31)

where the 8-dimensional column vectors K i contain the
structural variables of the joint axes.
Any serial robot with up to 5 joints consisting of revolute

(R), prismatic (P), universal (T), cylindrical (C) or spherical
(S) joints can be modeled from the 5C robot by setting
some of the joint variables and adding extra constraints.
Notice that the S joint is modeled as three perpendicular
axes whose directions can be arbitrarly chosen [24] and that
intersect at a point. As an example, consider the kinematics
equations obtained from the 5C general robot for the RPS
robot:

Q̂RPS = Ŝ1(θ1, 0)Ŝ2(0, d2)X̂(θ3, 0)Ŷ (θ4, 0)Ẑ(θ5, 0)
(32)

The general synthesizer selects, from the kinematics
equations of the 5C robot, those terms that are not zero
for the desired robot topology. To do so, we identify the
terms corresponding to a prismatic or a revolute joint, for
each one of the joint axes j, that is, we define the list of
indices LRj , LPj and LCj ,

LRj =
{
i : cos

θj

2
∈ Mi& sin

θj

2
∈ Mi&dj /∈ Mi

}
,

LPj =
{
i : dj ∈ Mi& cos

θj

2
∈ Mi& sin

θj

2
/∈ Mi

}
,

LCj =
{
i : dj ∈ Mi& cos

θj

2
∈ Mi& sin

θj

2
∈ Mi

}
,

j = 1, . . . 5. (33)

The set of indices L for the chosen topology is created
by intersecting the indices corresponding to each one of
the joints,

L =
5⋂

j=1

L(R,P,C)j, (34)
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and the kinematics equations are constructed from this set
of indices,

Q̂ =
∑
i∈L

KiMi (35)

To create the design equations, we equate the kinematics
equations (35) to the set of task positions P̂i in dual
quaternion form,

Q̂ = P̂i, , i = 2, . . . n, (36)

where n is defined for the chosen topology based on the
counting and the conditions imposed in the joint variables.

B. Implementation

The general solver has been implemented in Java for the
cases of serial 5C, 4C, 3C and 2C serial robots, and their
particular cases. A Levenberg-Marquardt numerical solver
is used to compute the numerical solution. The algorithm
is a Java translation by Steve Verrill from the FORTRAN
MINPACK source produced by Garbow, Hillstrom, and
others.

VIII. APPLICATION EXAMPLE

We have chosen twelve positions from a trajectory
generated using a Bezier interpolation consisting of three
intermediate positions between each two key positions. The
12 positions shown in Figure 3 define the task.

Fig. 3. The 12 positions defining the task

As an example, we have chosen to design a 7-degree-
of-freedom CCS serial robot. It consists of a shoulder and
elbow that allow both rotation and translation about and
along the axes, and a spherical wrist; see Figure 4.
In addition, we want a design so that the first joint

of the robot moves along the task positions avoiding big
displacements of the robot. To accomplish this, we impose
that the resulting design must have certain values in the
rotation and translation of the first joint for each of the
task positions. See Table III for the task positions and the
angle conditions.
For this example, we run the Java software twice to

obtain two different solutions. The first solution took two
iterations of the solver with a total time of 91 seconds. The
second solution took 353 seconds and three iterations. See

Fig. 4. The CCS serial robot

Task Dual quaternion coordinates
1 (0.02,−0.15, 0.58, 0.80, 0.66,−0.30, 0.09,−0.14)
2 (0.06,−0.37, 0.38, 0.85, 0.77,−0.38, 0.20,−0.31)
3 (−0.03,−0.44,−0.90, 0.03,−0.38, 0.77,−0.34, 0.67)
4 (0.41,−0.29,−0.41, 0.76, 0.32, 0.37, 0.14, 0.04)
5 (−0.04,−0.43,−0.90, 0.05,−0.39, 0.74,−0.30, 0.64)
6 (0.28,−0.01,−0.36, 0.89,−0.07,−0.06, 0.11, 0.06)
7 (0.36, 0.35, 0.48, 0.72,−0.43,−0.54,−0.12, 0.56)
8 (−0.18, 0.79, 0.03, 0.58,−0.73,−0.94,−0.51, 1.07)
9 (−0.29,−0.54, 0.55, 0.57, 0.87,−0.26, 1.106,−0.87)
10 (−0.93,−0.19, 0.26, 0.19, 0.27,−0.07, 0.10, 1.09)
11 (−0.37, 0.09, 0.73, 0.56, 0.37,−0.78,−0.51, 1.04)
Joint var. Values
θ1 iπ/11, i = 1 . . . 11
d1 0.2i, i = 1 . . . 11

TABLE III

TASK POSITIONS AND VALUES FOR THE FIRST JOINT ANGLES

Table IV for the coordinates of the joint axes. Figure 5
shows the resulting robots moving along the desired task.

Sol. Joint Axis Value
1 1 (0.14, 0.49, 0.86,−3.59,−0.45, 0.85)

2 (−0.24, 0.92, 0.29,−2.44,−0.73, 0.26)
wrist (0.23, 1.21,−0.12)

2 1 (0.72,−0.50, 0.48, 0.40, 0.03,−0.57)
2 (−0.10, 0.52,−0.85,−2.53, 0.17, 0.41)

wrist (0.05, 0.72,−0.94)

TABLE IV

CCS ROBOTS DESIGNED TO PERFORM THE SPECIFIED TASK.

IX. SUMMARY

This paper uses the kinematics equations of a spatial
nC chain to formulate the generalized inverse kinematics
problem. Rather than simply compute the joint angles of a
robot for a given task trajectory, we also seek the structural
parameters. This is a design problem with applications to
modular and reconfigurable robotic systems. This approach
may also be useful in the calibration of robots.
The exponential form of the kinematics equations of the

chain are reformulated using Clifford algebra to obtain an
efficient and systematic set of equations. We automated
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Fig. 5. Solution 1 CCS robot

the derivation of the design equations for robots derived
from 2C to 5C chains, and verified them using a numerical
solver.
These generalized inverse kinematics problems become

complicated rapidly. In particular, fitting a 5R chain to a
21 task trajectory requires the solution of 130 equations in
130 unknowns. While we can obtain individual solutions
numerically, a bound on the total number of chains that
can fit a given task is unknown at this time.
We demonstrate the solution of this problem by deter-

mining the structural parameters of a CCS serial chain
so that it reaches an arbitrarily specified 12 position task
trajectory. In this problem we are free to specify values for
the first two joint parameters, and solve for the remaining.
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