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Clifford Algebra Exponentials and
Planar Linkage Synthesis
Equations
This paper uses the exponential defined on a Clifford algebra of planar projective space
to show that the “standard-form” design equations used for planar linkage synthesis are
obtained directly from the relative kinematics equations of the chain. The relative kine-
matics equations of a serial chain appear in the matrix exponential formulation of the
kinematics equations for a robot. We show that formulating these same equations using a
Clifford algebra yields design equations that include the joint variables in a way that is
convenient for algebraic manipulation. The result is a single formulation that yields the
design equations for planar 2R dyads, 3R triads, and nR single degree-of-freedom
coupled serial chains and facilitates the algebraic solution of these equations including
the inverse kinematics of the chain. These results link the basic equations of planar
linkage design to standard techniques in robotics. �DOI: 10.1115/1.1904047�
1 Introduction
A planar serial chain consists of a sequence of rigid links con-

nected by revolute �hinged� or prismatic �sliding� joints such that
the links of the chain are constrained to move parallel to a refer-
ence plane. This means the axes of the revolute joints are each
perpendicular to this plane, and the sliding directions of the pris-
matic joints are parallel to it. The kinematics equations of these
chains are obtained using the standard techniques of robotics, see
for example Craig �1� or Tsai �2�. In this paper, we show that these
equations can be used to formulate design equations for the chain
that are equivalent to the “standard-form equations” used by San-
dor and Erdman �3�. The benefit of this approach is that it can be
generalized to formulate design equations for spatial serial chains.

The standard-form equation is the vector closure equation that
defines the relative positions of a planar 2R chain �Fig. 1�, called
a dyad—R denotes a revolute, or hinged, joint. Lin and Erdman
�4� generalized this approach to obtain design equations for planar
3R and 4R chains called triads and quadriads. Chase et al. �5�
applied triad synthesis to the design of planar six-bar linkages,
and Subbian and Flugrad �6� used it to design an eight-bar link-
age. Krovi et al. �7� further extended the standard-form equation
to design nR planar serial chains in which the n joints are con-
nected by a cable drive. The result is a “single degree-of-freedom
coupled serial chain” that they use to design an assistive device.

For related work, see Balli and Chand �8� who use these stan-
dard form equations to design adjustable planar five-bar linkages,
and Holte et al. �9�, who formulate synthesis equations for planar
2R chains that allows imprecision in the specification of the task
positions.

This paper implements the approach to robot synthesis intro-
duced by Mavroidis et al. �10� and Lee and Mavroidis �11� and
expanded by Perez �12�. The Clifford algebra formulation of the
kinematics equations links these results to the technique of kine-
matic mappings used by Bottema and Roth �13� and DeSa and
Roth �14� to study and classify planar motion. Ravani and Roth
�15�, Larochelle and McCarthy �16�, and Murray et al. �17� use
this mapping to design planar linkages and manipulator systems.

Our contribution is a formulation that can be used to derive
synthesis equations for any planar serial chain, and that can be
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generalized for the design of spatial serial chains �26�. We dem-
onstrate the use of this theory with the synthesis of 2R and 3R
planar chains.

2 The Kinematics Equations for Serial Chains
We define the kinematics equations of a general serial chain

using the Denavit-Hartenberg convention in robotics and trans-
form it to a “product of exponentials” formulation using relative
transformations. Much of this is well-known; however, we de-
velop it in detail to lay the foundation for a different interpretation
of the kinematics equations.

Let Si, i=1, . . .n, denote the n joint axes in a spatial serial
chain—we will limit these axes to be perpendicular to a reference
plane when we specialize to planar chains. Introduce the line
Ai,i+1 which is the common normal to the axes Si and Si+1. See
Fig. 2. We now set the origin of the joint frame Ti at the intersec-
tion of Si and Ai,i+1, such that the z axis is Si and the x axis is
Ai,i+1, see McCarthy �18�.

This allows us to write the kinematics equations of the chain in
the form

�D� = �G��Z��1,d1���X��12,a12���Z��2,d2�� . . . �X��n−1,n,an−1,n��

��Z��n,dn���H� �1�

where �Z��i ,di�� and �X��i,i+1 ,ai,i+1�� are the 4�4 homogeneous
transforms

�Z��i,di�� = �
cos �i − sin �i 0 0

sin �i cos �i 0 0

0 0 1 di

0 0 0 1
� and

�X��i,i+1,ai,i+1�� = �
1 0 0 ai,i+1

0 cos �i,i+1 − sin �i,i+1 0

0 sin �i,i+1 cos �i,i+1 0

0 0 0 1
� �2�

The parameters �i and di define the rotation of a revolute joint and
slide of a prismatic joint, respectively. The parameters �i,i+1 and
ai,i+1 are the dimensional parameters that define the size of each
link in the chain. The transformation �G� locates the base of the
robot in the world frame, and �H� locates the tool frame relative to

the last joint frame.
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In what follows, we use the kinematics equations and a given
set of task positions to determine the dimensional parameters of
the chain. To do this it is more convenient to use the coordinates
of joint axes, rather rather than the parameters �i,i+1 and ai,i+1, as
design variables. For this reason, we formulate the kinematics
equations in terms of matrix exponentials.

2.1 Product of Exponentials. The product of exponentials
formulation of the kinematics equations defines the 4�4 homo-
geneous transform directly in terms of the Plucker coordinates of
the screw axis of the transformation. In particular, consider the
displacement �T�� ,k ,S�� with screw axis S= �S ,C�S� defined
such that it rotates the angle � around S and slides the distance k
along this axis. This displacement can be defined as the matrix
exponential of the twist matrix formed by these parameters.

Let �=k /� be the pitch of the displacement �T�� ,k ,S��, then
we have the screw J= �S ,V�= �S ,C�S+�S�, which defines the
4�4 twist matrix

J = �
0 − sz sy vx

sz 0 − sx vy

− sy sx 0 vz

0 0 0 0
� �3�

The 4�4 homogeneous transform �T�� ,k ,S�� is now given by
the matrix exponential

�T��,k,S�� = e�J �4�
see Murray et al. �19�.

The matrix exponentials for �Z��i ,di�� and �X��i,i+1 ,ai,i+1��
have a particularly simple form. The screws defined for these two

transformations are K= �k� ,�k�� and I= �i�,�i��, where �=di /�i and
�=ai,i+1 /�i,i+1 are their respective pitches. Thus, we have

Fig. 1 A planar 2R serial chain
Fig. 2 Local frames for a serial chain
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�Z��i,di�� = e�iK and �X��i,i+1,ai,i+1�� = e�i,i+1I �5�

and the kinematics Eqs. �1� become

�D� = �G�e�1Ke�12Ie�2K . . . e�n−1,nIe�nK�H� �6�
This is termed the product of exponentials form of the kinematics
equations.

2.2 Relative Displacements. A useful form of the kinematics
equations is obtained by choosing a reference configuration of the

chain, �D0�, defined by the joint angle vector ��0, and determining

the relative displacements �D������= �D������D���0��−1. This form
of the relative transformation operates on coordinates in the world
frame. The transformation �D0� is usually selected to be the con-
figuration in which the joint parameters are zero, called the zero
reference position by Gupta �20�.

For our purposes, the reference configuration �D0� can be any
position of the end-effector specified by the vector of joint param-

eters ��0, such that movement to a new configuration is defined by

the joint parameter vector ��� =�� −��0. From Eq. �1�, we compute
the relative kinematics equations

�D������ = �D������D���0��−1 = ��G��Z��1,d1�� . . . �Z��n,dn���H��

���G��Z��10,d10�� . . . �Z��n0,dn0���H��−1 �7�

In order to expand this equation, we introduce the partial
displacements

�Ai0� = �G��Z��10,d10���X��12,a12�� . . . �X��i−1,i,ai−1,i�� �8�

where, for example

�A10� = �G�, and �A20� = �G��Z��10,d10���X��12,a12�� .

Now, insert the identity �Z��i,0��−1�Ai0�−1�Ai0��Z��i0��= �I� after
the first n−1 joint transforms �Z��i ,di�� in Eq. �7� in order to
obtain the sequence of terms

�T���i,Si�� = �Ai0��Z��i,di���Z��i,0��−1�Ai0�−1

= �Ai0��Z���i,�di���Ai0�−1. �9�

The result is that the relative kinematics equations take the form

�D������ = �T���1,S1���T���2,S2�� . . . �T���n,Sn�� �10�

where Si are the Plucker coordinates of each joint axis obtained
by transforming the joint screw K to the world frame by the co-
ordinate transformations defined in �9�.

Using the exponential form of the transformations �T���i ,Si��,
we obtain the relative kinematics Eqs. �10� as

�D������ = e��1S1e��2S2 . . . e��nSn �11�

where

Si = Ai0KAi0
−1 �12�

The product of exponentials form of the kinematics Eqs. �6�
becomes

�D� = �D�������D0� = e��1S1e��2S2 . . . e��nSn�D0� �13�

Notice that in this equation the coordinates of the joint axes are
defined in the world frame such that the chain aligns the end-
effector with the reference position.

3 Planar Serial Chains
We now specialize the kinematics equations defined earlier to

the case of planar serial chains. It is convenient for our purposes
to focus on chains consisting only of revolute joints, the nR chain.

The Plucker coordinates of the axis of a typical revolute joint in
� � �
a planar chain are given by J= �k ,C�k�, where k= �0,0 ,1� is
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directed along the z axis of the base frame, and C= �cx ,cy ,0� is the
point of intersection of this axis with the x-y plane. The associated
twist matrix J is

J = �
0 − 1 0 − cy

1 0 0 cx

0 0 0 0

0 0 0 0
� �14�

Let the transformation to the base of the chain be a translation
by the vector G= �gx ,gy ,0�, then the zero configuration of the nR
planar chain has the points Ci, i=1, . . . ,n on the joint axes Ji
distributed along a line parallel to x axis �see Fig. 3�, such that

C1 = �gx

gy

0
�, C2 = �gx + a12

gy

0
�, . . . ,

Cn = �gx + a12 + a23 + ¯ + an−1,n

gy

0
� �15�

Substituting these points into �14� we obtain a twist matrix Ji for
each revolute joint, and the product of exponentials kinematics
equations

�D����� = e��1J1e��2J2 . . . e��nJn�D0� �16�

The zero frame transformation �D0� can be defined by introducing
�C� which is the translation by the vector c= �a12+a23+ ¯

+an−1,n�i� along the chain in the zero configuration, so we have

�D0� = �G��C��H� �17�

The matrix exponential defining the rotation about J by the
angle �� can be computed using formulas in Murray et al. �19� to
yield

e��J = �
cos �� − sin �� 0 �1 − cos ���cx + sin ��cy

sin �� cos �� 0 − sin ��cx + �1 − cos ���cy

0 0 1 0

0 0 0 1
�
�18�

This matrix defines a displacement consisting of a planar rotation
about the point C, called the pole of the displacement.

3.1 Complex Number Kinematics Equations. It is conve-
nient at this point to introduce the complex numbers ei��

=cos ��+ i sin �� and C=cx+ icy to simplify the representation of
the displacement �18�.

Let X1=x+ iy be the coordinates of a point in the world frame
in the first position and X2=X+ iY be its coordinates in the second
position, then this transformation becomes

X2 = ei��X1 + �1 − ei���C �19�

The complex numbers ei�� and �1−ei���C define the rotation and
translation that form the planar displacement e��J. The point C is
the pole of the displacement, and the translation vector D associ-

Fig. 3 A planar 3R chain in the reference configuration
ated with this displacement is given by
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D = �1 − ei���C �20�

The composition of the exponentials e�1C1 and e�2C2 that define
rotations about the points C1 and C2, respectively, yields

e�P = e�1C1e�2C2 or

�ei�,�1 − ei��P� = �ei�1,�1 − ei�1�C1��ei�2,�1 − ei�2�C2�

= �ei��1+�2�,�1 − ei�1�C1 + ei�1�1 − ei�2�C2�
�21�

Here P denotes the pole of the composite displacement.
The complex form of the relative kinematics Eqs. �11� is seen to

be

�D������ = �ei��1,�1 − ei��1�C1��ei��2,�1 − ei��2�C2� . . . �ei��n,�1

− ei��n�Cn� �22�
If we define the relative displacement of the end-effector to be
�D�= �ei�� , �1−ei���P�, then we can expand this equation and
equate the rotation and translation components to obtain

ei�� = ei��1ei��2 . . . ei��n = ei���1+��2+. . .+��n�

�1 − ei���P = �1 − ei��1�C1 + ei��1�1 − ei��2�C2 + . . .

+ ei���1+��2+. . .+��n−1��1 − ei��n�Cn �23�
These complex vector equations can be used to design planar

nR serial chains. We will see shortly that they are exactly Sandor
and Erdman’s standard form equations. However, in the next sec-
tion we introduce an equivalent set of design equations using the
Clifford algebra form of the kinematics equations.

4 The Even Clifford Algebra C+
„P2

…

The even Clifford algebra of the projective plane P2 can be
viewed as a generalization of complex numbers. It is a vector
space with a product operation that is linked to a scalar product.
This Clifford algebra has an even subalgebra, C+�P2�, which is a
set of four dimensional elements of the form

A = a1i	 + a2j	 + a3k + a4 �24�

The basis elements i	, j	, k, and 1 satisfy the following multipli-
cation table:

i	 j	 k 1

i	 0 0 − j	 i	

j	 0 0 i	 j	

k j	 − i	 − 1 k

1 i	 j	 k 1

�25�

These basis elements are well-known components of the hyper-
complex number known as a dual quaternion, McCarthy �18�.

A point in the plane P2, C= �cx ,cy ,1�, can be identified with the
Clifford algebra element

C = k − �cx + kcy�j	 = k − Cj	 , �26�

where C=cx+kcy. The product operation of the Clifford algebra
allows us to compute the exponential of C, given by

e�C = 1 + �C +
�2

2
C2 +

�3

3!
C3 + ¯ �27�

Using the identities

C2 = − 1, C3 = − C, C4 = 1,¯ �28�
Equation �27� simplifies to become

e�C = cos � + sin �C . �29�

Introduce the complex exponential ek�=cos �+ksin � �recall k2=

−1� into this equation, so that we have
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e�C = �1 + 1
2 �1 − ek2��Ci	�ek�. �30�

McCarthy �21� shows that �30� defines the planar displacement
consisting of a rotation by �=2� about the point C, so we have

e��/2�C = �1 + 1
2 �1 − ek��Ci	�ek�/2 = 1

2 �e−k�/2 − ek�/2�Ci	 + ek�/2

= cy sin
�

2
i	 − cx sin

�

2
j	 + sin

�

2
k + cos

�

2
�31�

Bottema and Roth �13� used the components of this Clifford al-
gebra element as a kinematic mapping to study planar displace-
ments. DeSa and Roth �14� use this mapping to classify planar
motion, and Ravani and Roth �15� use it to design planar linkages.

Notice that the translation vector of this displacement is d= �1
−ek��C. Thus, we can also write �31� in the form

e��/2�C = �1 + 1
2di	�ek�/2 �32�

Clifford Algebra Kinematics Equations. The relative kine-
matics equations of an nR planar chain �22� can be written in
terms of the Clifford algebra elements �31� to define

− sin ��
2 Pj	 + ek��/2

= �− sin
��1j

2 C1j	 + ek��1/2��− sin
��2

2 C2j	

+ ek��2/2� ¯ �− sin
��n

2 Cnj	 + ek��n/2� �33�

Expand this equations and equate coefficients of the basis ele-
ments to obtain

ek��/2 = ek���1+��2+¯+��n�/2,

sin ��
2 P = sin

��1

2 C1e−k���2+. . .+��n�/2

+ ek��1/2 sin
��2

2 C2e−k���3+. . .+��n�/2 + . . .

+ ek���1+��2+. . .+��n−1�/2 sin
��n

2 Cn �34�

These equations are equivalent to the complex vector equations
presented earlier. In fact, multiplication of �34� by ek��/2 directly
yields the Eqs. �23�, note we must replace k by the usual complex
number i, where i2=−1.

5 Design Equations for the Planar nR Chain
The goal of our design problem is to determine the dimensions

of the planar nR chain that can position a tool held by its end-
effector in a given set of task positions. The location of the base of
the robot, the position of the tool frame, as well as the link di-
mensions and joint angles are considered to be design variables.

5.1 Relative Kinematics Equations for Specified Task
Positions. Identify a set of planar task positions �Pj�, j
=1, . . . ,m. Then, the physical dimensions of the chain are defined
by the requirement that for each position �Pj� there is a joint

parameter vector �� j such that the kinematics equations of the
chain yield

�Pj� = �D��� j��, i = 1, . . . ,m �35�

Now, choose �P1� as the reference position and compute the rela-
tive displacements �Pj��P1

−1�= �P1j�, j=2, . . . ,m. This formulation
of the linkage design equations can be found in Suh and Racliffe
�22�. The result is the relative kinematics equations

�P1j� = e��1jJ1e��2jJ2 . . . e��njJn, j = 2, . . . ,m �36�
where

��� j = �� j − ��1 = ���1j, . . . ,��nj�
The complex number form of �36� yields the equations

i��j i���1j+��2j+. . .+��nj�
e = e
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�1 − ei��j�P1j = �1 − ei��1j�C1 + ei��1j�1 − ei��2j�C2 + . . .

+ ei���1j+��2j+. . .+��n−1,j��1 − ei��nj�Cn, j = 2, . . . ,m

�37�

where �� j =� j −�1 and P1j is the pole of the relative displace-
ment �P1j�. These are the equations we use to design the planar
nR chain.

In terms of elements of the Clifford algebra we obtain the
equivalent set of design equations

ek��j/2 = ek���1j+��2j+¯+��nj�/2

sin
�� j

2 P1j = sin
��1j

2 C1e−k���2j+. . .+��nj�/2

+ ek��1j/2 sin
��2j

2 C2e−k���3j+. . .+��nj�/2 + . . .

+ ek���1j+��2j+. . .+��n−1,j�/2 sin
��nj

2 Cn, j = 2, . . . ,m

�38�

The Eqs. �38� allow the introduction of sin���ij /2� and
cos���ij /2� as algebraic unknowns so these equations can be
solved for the various joint angles as well as the coordinates of the
joints. This is demonstrated below in our algebraic solution of the
five position synthesis of a 2R chain.

5.2 The Number of Design Positions and Free Parameters.
If we specify m task positions, then Eqs. �37� provide m−1 rota-
tion and 2�m−1� translation equations. The unknowns consist of
the n�m−1� relative joint angles, and the 2n coordinates Ci, i
=1, . . . ,n.

It is useful to notice that the rotation equations are solved in-
dependently, which means that they determine m−1 of the relative
joint angles. Thus, we have 2�m−1� translation equations to solve
for �n−1��m−1� joint variables and 2n coordinates Ci, that is

E = 2n + �n − 1��m − 1� − 2�m − 1� = m�n − 3� + n + 3 �39�

where E excess of unknowns over equations.
Notice that except for n=1 and n=2 the excess of variables

over equations is greater than zero. For n=1, we see that m=2
yields an exact formula for what is equivalent to the pole of a
relative displacement. For n=2, we find that an exact solution is
possible for m=5, which is Burmester’s result that a 2R chain can
be designed to reach five specified positions �Burmester �23�,
Hartenberg and Denavit �24��.

Now consider the case n=3, which has six unknown coordi-
nates Ci, i=1, 2, 3, and 2�m−1� joint variables that are deter-
mined by 2�m−1� equations. The excess is E=6 no matter how
many positions are specified. In order to formulate this design
problem, we specify the m−1 relative joint angles around C1. This
is equivalent to adding m−1 design equations, which means that
�39� takes the form E=6− �m−1�. The result is that given seven
positions, m=7, we obtain a set of equations that determine the six
coordinates Ci, i=1,2 ,3.

6 The Standard Form Equations
The synthesis of planar 2R chains is the primary step in the

design of four-bar linkages, which are constructed by joining the
end links of two 2R chains to form the floating link, or coupler.
Specializing the relative kinematics Eqs. �37� to this case, we
obtain

ei��j = ei���1j+��2j�

�1 − ei��j�P1j = �1 − ei��1j�C1 + ei��1j�1 − ei��2j�C2, j = 2, . . . ,m

�40�
We now show that this is the standard form equation used by

Sandor and Erdman �3� for planar mechanism synthesis.
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The standard form equation is obtained by equating the relative
displacement vector between two positions to the difference of
vectors along the chain in the two positions. See Fig. 4. Let C1 be
the fixed pivot and C2 the moving pivot when the tool frame of
2R chain is aligned with the first position.

Introduce the relative vectors W=C2−C1 and Z=D1−C2,
where D1 is the translation vector to the first task position. We can
now form the vector equations

D1 = C1 + W + Z

D2 = C1 + Wei��12 + Zei���12+��22�

¯

Dm = C1 + Wei��1m + Zei���1m+��2m� �41�

Recall that multiplication by the complex exponential rotates a
vector by an angle measured relative to the x axis of the fixed
frame.

Subtract the first equation from the remaining m to obtain


1j = W�ei��1j − 1� + Z�ei���1j+��2j� − 1�, j = 2, . . . ,m �42�

where 
1j =D j −D1. Notice that the rotation of the jth task frame
relative to the first position is

�� j = ��1j + ��2j �43�
Sandor and Erdman �3� call Eqs. �42� the standard form equation
and they use it to formulate a range of linkage synthesis problems
based on the planar 2R chain.

Now substitute the definition of the relative vectors W, Z and

ij back into the standard form equation to obtain

D j − D1 = �C2 − C1��ei��1j − 1� + �D1 − C2��ei���1j+��2j� − 1�

and simplify to obtain

D j − D1ei��j = �1 − ei��1j�C1 + ei��1j�1 − ei��2j�C2, j = 1, . . . ,m

�44�

In order to show that this equation is identical to �40� we compute
the pole P1j in terms of the translation vectors D j and D1

Let �Dj�= �ei� j ,D j�, j=1, . . . ,m, and compute

�D1j� = �Dj��D1�−1 = �ei��j−�1�,D j − D1ei��j−�1�� �45�

Now the pole P1j of this relative displacement is defined as the
point that has the same coordinates before and after the displace-
ment, which means it satisfies the condition

P1j = ei��j−�1�P1j + D j − D1ei��j−�1� �46�

Fig. 4 Two positions of a planar 2R chain
Thus, we obtain
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�1 − ei��j�P1j = D j − D1e��j �47�
and substituting this into �44�, we find that the relative kinematics
Eqs. �40� are exactly Sandor and Erdman’s standard form equa-
tions.

7 Synthesis of 3R Serial Chains
The planar 3R robot has three degrees of freedom and can reach

any set of positions within its workspace boundary. The design
equations for m task positions take the form

ei��j = ei���1j+��2j+��3j�

�1 − ei��j�P1j = �1 − ei��1j�C1 + ei��1j�1 − ei��2j�C2 + ei���1j+��2j��1

− ei��3j�C3 j = 2, . . . ,m , �48�
We consider the design of this chain for three, five, and seven task
positions with the condition that the relative joint angles around
C1 are specified by the designer.

7.1 Three Task Positions. If we specify three task positions,
the result is four translation design equations, or two complex
equations, which determine the six coordinates of Ci and the
2�3−1�=4 relative joint angles around C1 and C2. The joint
angles around C3 are determined by the rotation design equations.

If we specify the four unknown relative joint angles and C1,
then these four design equations are linear in the coordinates of
C2 and C3. The result is two complex linear equations in two
complex unknowns

�12 = ei��12�1 − ei��22�C2 + ei���12+��22��1 − ei��32�C3

�13 = ei��13�1 − ei��23�C2 + ei���13+��23��1 − ei��33�C3 �49�

where �1j are the known complex numbers

�1j = �1 − ei��j�P1j − �1 − ei��1j�C1 �50�

7.2 Five Task Positions. If five task positions are specified,
then we have eight translation design equations in 14 unknowns,
the six coordinates Ci and eight relative joint angles. Now specify
the coordinates of C1 and the four relative angles around it to
define six parameters. The result is the four complex equations

�12 = ei��12�1 − ei��22�C2 + ei���12+��22��1 − ei��32�C3

¯

�15 = ei��15�1 − ei��25�C2 + ei���15+��25��1 − ei��35�C3 �51�

where �1j are known complex number defined by �50�. These
equations have exactly the same structure as Sandor and Erdman’s
standard form Eqs. �44� for five position synthesis and are solved
in the same way.

7.3 Seven Task Positions. If seven task positions are speci-
fied as well as the six relative joint angles around C1, then we
obtain 12 translation design equations in the 12 unknowns con-
sisting of the six joint coordinates Ci and six relative joint angles
around C2. The result is six complex equations

�1 − ei��2�P12 = �1 − ei��12�C1 + ei��12�1 − ei��22�C2 + ei���12+��22�

��1 − ei��32�C3

¯

�1 − ei��7�P17 = �1 − ei��17�C1 + ei��17�1 − ei��27�C2 + ei���17+��27�

��1 − ei��37�C3 �52�
This problem has been solved using matrix resultants by Lin and
Jia �25� and using homotopy continuation by Subbian and Flugrad

�6�.
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8 Single DOF Coupled Serial Chains
Krovi et al. �7� expand the standard form equations to nR

chains in which the joints are coupled by cable transmissions so
the system has one degree of freedom. They call the chain a single
degree-of-freedom coupled serial chain. We formulate an equiva-
lent form of their design equations using the relative kinematics
Eqs. �37�.

Consider a planar nR serial chain in which each joint is con-
nected to ground through a series of cables and pulleys located at
each joint. Let each pulley have the same diameter and the cables
routed through the links so they form parallelogram linkages. The
result is n drive pulleys at the base of the chain that control the
angle �i of the ith link relative to the-x axis of the world frame,
which means each joint angle is given by

�i = �i − �i−1 �53�

We now introduce a single drive angle � such that each joint
angle is given by relation �i=Ri�, where Ri denotes a constant
speed ratio. The relations �53� yield the transmission matrix �C� to
the base drive angles are given by

�
�1

�2

]

�n

� = �
1 0 ¯ 0

1 1 ¯ 0

] ¯ ]

1 1 ¯ 1
� �

R1

R2,

]

Rn

�� �54�

or

�� = �C��R�� �55�

where �R� is the column matrix formed by the speed ratios. Our
formulation differs slightly from Krovi et al. �7� in that we have
added the drive variable � and therefore an additional speed ratio
R1.

Consider the design of an nR chain in which the speed ratios Ri,
i=1. . . ,n, are specified. Substitute these speed ratios into the ro-
tation term of the design Eqs. �37� to obtain

ei��j = ei�R1+R2+. . .+Rm���j, j = 2, . . . ,m �56�

where �� j =� j −�1 is the relative rotation of the drive angle. We
find for each relative task position that

�� j =
�� j

R1 + R2 + . . . + Rn
�57�

Substitute this into the translation terms of �37� to define a linear
equation in the coordinates Ci, i=1, . . . ,n for each relative task
position

�1 − ei��j�P1j = �1 − eiR1��j�C1 + eiR1��j�1 − eiR2��j�C2 + . . .

+ ei�R1+R2+. . .+Rn−1���j�1 − eiRn��j�Cn, j = 2, . . . ,m

�58�

Given m=n+1 task positions, we can solve these equations for the
n complex unknowns Ci. The result is a coupled serial nR chain

designed to reach n+1 arbitrarily specified task positions.
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9 Algebraic Solution of the RR Design Equations
In this section, we solve the standard form equations for five

position synthesis using the Clifford algebra design Eqs. �38�,
given by

− sin
�� j

2 P1j j	 + ek��j/2

= �− sin
��1j

2 C1j	 + ek��1j/2�
��− sin

��2j

2 C2j	 + ek��2j/2� j = 2,3,4,5 �59�

For convenience we relabel the coordinates of the fixed and mov-
ing pivots so that C1=G= �gx ,gy� and C2=W= �wx ,wy�. Similarly,
label the joint angles �1=� and �2=�, as shown in Fig. 1. Then
we have

− sin
�� j

2 P1j j	 + ek��j/2

= �− sin
�� j

2 Gj	 + ek��j/2�
��− sin

�� j

2 Wj	 + ek��j/2� j = 2,3,4,5 �60�

9.1 Matrix Form of the Design Equations. Expand and col-
lect the components of the Clifford algebra elements in the design
Eqs. �60� to define the arrays

�
s

�� j

2 pxj

s
�� j

2 pyj

s
�� j

2

c
�� j

2

� =�
s

�� j

2 c
�� j

2 gy + c
�� j

2 s
�� j

2 wy − s
�� j

2 s
�� j

2 �gx − wx�

− s
�� j

2 c
�� j

2 gx − c
�� j

2 s
�� j

2 wx − s
�� j

2 s
�� j

2 �gy − wy�

s
�� j

2 c
�� j

2 + c
�� j

2 s
�� j

2

c
�� j

2 c
�� j

2 − s
�� j

2 s
�� j

2

�
j = 2,3,4,5 �61�

where s and c denote the sine and cosine functions. This equation
can be written in the matrix form

�
s

�� j

2 pxj

s
�� j

2 pyj

s
�� j

2

c
�� j

2

� = �
gy wy wx − gx 0

− gx − wx wy − gy 0

1 1 0 0

0 0 − 1 1
�

��
s

�� j

2 c
�� j

2

c
�� j

2 s
�� j

2

s
�� j

2 s
�� j

2

c
�� j

2 c
�� j

2

� j = 2,3,4,5 �62�

This matrix equation can be inverted to define the joint vari-
ables in terms of the joint coordinates G and W, that is

1

R2�
− �wy − gy� wx − gx W · �W − G� 0

wy − gy − �wx − gx� − G · �W − G� 0

wx − gx wy − gy gxwy − gywx 0

wx − gx wy − gy gxwy − gywx R2
��

s
�� j

2 pxj

s
�� j

2 pyj

s
�� j

2

c
�� j

2

�
=�

s
�� j

2 c
�� j

2

c
�� j

2 s
�� j

2

s
�� j

2 s
�� j

2

c
�� j

2 c
�� j

2

� �63�

where R is the distance between the two joints, that is R2= �W
2
−G� . This solves the inverse kinematics problem for the 2R
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chain.
The joint variables can be eliminated from this equation by

using the identity

sin
�� j

2 sin
�� j

2

cos
�� j

2 sin
�� j

2

=
sin

�� j

2 cos
�� j

2

cos
�� j

2 cos
��J

2

�64�

The result is a set of four quadratic design equations

R j: �gxwy − gywx�c
�� j

2 + �gxwx + gywy�s
�� j

2 + gx�− pxjc
�� j

2

+ pyjs
�� j

2 � + gy�− pyjc
�� j

2 − pxjs
�� j

2 � + wx�pxjc
�� j

2 + pyjs
�� j

2 �
+ wy�pyjc

�� j

2 − pxjs
�� j

2 � + �pxj
2 + pyj

2 �s
�� j

2

= 0 j = 2,3,4,5 �65�

These equations are linear in the unknowns wx and wy, so we can
collect their coefficients to define the linear equations

�A2 B2 C2

] ] ]

A5 B5 C5
��wx

wy

1
� = �0

]

0
� �66�

where

Aj = �pxj − gy�c
�� j

2 + �pyj + gx�s
�� j

2

Bj = �pyj + gx�c
�� j

2 + �− pxj + gy�s
�� j

2

Cj = �pxj
2 + pyj

2 �s
�� j

2 − �gxpxj + gypyj�c
�� j

2 + �gxpyj − gypxj�s
�� j

2

�67�

Let M5 be the 3�3 matrix obtained from �66� by removing row
j=5. Similarly, let M4, M3, and M2 be the 3�3 matrices be ob-
tained in the same way by removing the specified rows. If the
determinants of these four matrices are zero, then the linear Eqs.
�66� have rank 2, and they can be solved to determine wx and wy.

Denote �gx ,gy� as �x ,y� so that each of the determinants defines
a cubic curve pj�x ,y�=det�Mj�=0, often called a “centerpoint
curve.” We can collect the coefficients of x in these four polyno-
mials, so we have

pj�x,y� = ajgx3 + �bjy + cj�x2 + �ajy
2 + djy + ej�x + �bjy

3 + f jy
2

+ hjy + kj� = 0 j = 2,3,4,5 �68�

McCarthy �27� expands these coefficients and shows that this
curve has the structure of a “circular cubic,” which is a planar
cubic curve that passes through the circle points at infinity.

Table 1 Five precision positions

Position Point Angle �deg�

1 �0,0� 0
2 �−0.5,4� 5
3 �−1.5,5� 5
4 �−2.0,5.5� 60
5 �−2.5,5� 120
Assemble these equations into the linear system
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�a2 �b2y + c2� �a2y2 + d2y + e2� �b2y3 + f2y2 + h2y + k2�
] ] ] ]

a5 �b5y + d5� �a5y2 + d5y + e5� �b5y3 + f5y2 + h5y + k5�
�

�
x3

x2

x

1
� = �

0

0

0

0
� �69�

or

�N�v = 0 �70�

where v= �x3 ,x2 ,x ,1�. These cubic curves have a simultaneous
solution if the determinant of the coefficient matrix �N� is zero,
that is

det�N� = n4y4 + n3y3 + n2y2 + n1y + n0 = 0 �71�
This is a univariate polynomial of degree four that yields as many
as four solutions for y=gy.

Substitute these values into �69� to find x=gx, thus defining the
pivot G= �gx ,gy�. For each of these pivots, we can compute an
associated point W= �wx ,wy� by solving �66�. The result is as
many as four combinations of G and W that define 2R chains that
reach the five specified task positions.

9.2 Example of Planar RR Five Position Synthesis. We il-
lustrate the elimination methodology for the RR chain with an
example from Sandor and Erdman �3� for the design of a four-bar
mechanism to guide a bucket through the set of positions shown
in Table 1.

Choose the first position as the reference configuration and
compute the relative displacements, expressed as elements of the
Clifford algebra

P12 = − 0.163i	 + 2.01j	 + 0.0436k + 0.999

P13 = − 0.640i	 + 2.53j	 + 0.0436k + 0.999

P14 = 0.509i	 + 2.88j	 + 0.500k + 0.866

P15 = 1.54i	 + 2.33j	 + 0.866k + 0.500. �72�
We substitute these values in Eq. �65� to obtain four

design equations in the coordinates of the pivots. Following the
elimination procedure described above, we obtain the univariate
polynomial

det�N�: y4 − 10.33y3 + 550.72y2 − 3345.39y + 3461.02 = 0

�73�
The polynomial yields four roots out of which two are complex.

Table 2 The two real solutions yields two candidate designs

Design Fixed pivot Moving pivot

1 �−2.188,5.085� �2.655, 3.864�
2 �−4.738,1.312� �−0.852,−0.207�

Table 3 Inverse kinematics results for the two candidate
designs

Design Angle � �rad� Angle � �rad�

1 �−0.25,0.64,0.93,1.9,3.1� �−1.93,−2.7,−3.0,−3.1,−3.2�
2 �−0.37,0.62,0.96,0.93,0.82� �0.61,−0.29,−0.63,0.35,1.5�
SEPTEMBER 2005, Vol. 127 / 937



We use the real roots to solve linearly for the rest of the coordi-
nates of the pivots. We obtain the two solutions shown in Table 2.

The values of the pivots are substituted in Eq. �62� to compute
the inverse kinematics of the robot. The system yields the relative

Table 4 Seven precision positions

Position Point Angle �deg� Angle �1i−�10 �deg�

1 �1, 0� 0 0
2 �1.01, 0.48� 25.71 50
3 �0.78, 0.98� 51.43 100
4 �0.31, 1.36� 77.14 150
5 �−0.35,1.53� 102.86 200
6 �−1.09,1.37� 128.57 250
7 �−1.77,0.85� 154.29 300

Fig. 5 The two 2R design candidates reaching each of the five
specified task positions
938 / Vol. 127, SEPTEMBER 2005
angles; adding the initial angles to reach the reference position,
we obtain the set of joint angles presented in Table 3 for both
solutions. Figure 5 shows both solutions reaching the five
positions.

Table 5 A solution RRR chain

C1 C2 C3

Pivots �−0.03,0.00� �0.07, 0.56� �−0.12,−0.66�
Angles �deg� 80.18 −179.01 129.27
Fig. 6 RRR design reaching positions 1, 2, 3, and 4
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10 Synthesis of a Planar 3R Chain
Here we show how to formulate the design equations of an

RRR planar chain. Consider the task of following the logarithmic
spiral r=a exp �, with a=0.25. In order to solve the design equa-
tions, the input crank angle �1 must also be specified in each of
the task positions. The seven positions, as well as the prescribed
values for �1, are given in Table 4.

Equating the Clifford algebra relative kinematics equations to
the set of relative positions, we obtain a set of 4 ·6=24 equations

ei���j−��1j� = ei���2j+��3j�

�1 − ei��j�P1j = �1 − ei��1j�C1 + ei��1j�1 − ei��2j�C2 + ei���1j+��2j��1

− ei��3j�C3 j = 2, . . . ,7 �74�
The orientation equations for each position determine the joint

angles ��2j as a function of the ��3j, which are then eliminated
from the translation equations. The result is a set of twelve design
equations in twelve unknowns, two for each task position, given
by

− P1j
x + A1c1x + A2c1y + A3c2x + A4c2y + A5c3x + A6c3y + �A5c2x

+ A6c2y − A5c3x − A6c3y�cos ��2j + �− A6c2x + A5c2y + A6c3x

Fig. 7 RRR design reaching positions 5, 6, and 7
− A5c3y�sin ��2j = 0

Journal of Mechanical Design
− P1j
y − A2c1x + A1c1y − A4c2x + A3c2y − A6c3x + A5c3y + �A6c2x

+ A5c2y + A6c3x − A5c3y�cos ��2j + �− A5c2x − A6c2y + A5c3x

+ A6c3y�sin ��2j = 0, j = 2, . . . ,7 �75�

The components Pij
x and Pij

y of the Clifford algebra element for
position Pij are known, so we determine the coordinates defining
the three joints, C1, C2, and C3, in the reference configuration, as
well as the values of the angle �2 to reach each task position. This
is done numerically using using Mathematica. Table 5 presents
one of the solutions obtained in the reference configuration.

Figures 6 and 7 show the RRR design reaching the seven posi-
tions with the prescribed values for �1.

11 Summary
This paper derives design equations for planar serial chains

directly from the relative kinematics equations of the chain. The
well-known standard form equations used for the synthesis of pla-
nar 2R, 3R, and coupled serial chains are shown to be obtained in
this way.

The exponential in the Clifford algebra C+�P2� is introduced to
provide an efficient formulation for the relative kinematics equa-
tions. The hypercomplex numbers in C+�P2� are both a generali-
zation of standard complex numbers and a specialization of dual
quaternions. They yield a compact set of design equations and a
convenient algebraic form for the joint angles. Examples demon-
strate the use of these equations for the synthesis of 2R and 3R
planar serial chains.

The result is a systematic derivation of the design equations for
planar serial chains that can be generalized to spatial serial chains.
In addition, the Clifford algebra formulation links this synthesis
theory to the kinematic mapping techniques that have been used to
study planar and spatial displacements.
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