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In the design of spatial linkages, the finite-position kine-
matics is fully specified by the position of the joint axes, i.e.,
a set of lines in space. However, most of the tasks have ad-
ditional requirements regarding motion smoothness, obsta-
cle avoidance, force transmission, or physical dimensions, to
name a few. Many of these additional performance require-
ments are fully or partially independent of the kinematic task
and can be fulfilled using a link-based optimization after the
set of joint axes has been defined.

This work presents a methodology to optimize the links
of spatial mechanisms that have been synthesized for a kine-
matic task, so that additional requirements can be satisfied.
It is based on considering the links as anchored to sliding
points on the set of joint axes, and making the additional re-
quirements a function of the location of the link relative tothe
two joints that it connects. The optimization of this function
is performed using a hybrid algorithm, including a genetic
algorithm (GA) and a gradient-based minimization solver.

The combination of the kinematic synthesis together
with the link optimization developed here allows the designer
to interactively monitor, control and adjust objectives and
constraints, to yield practical solutions to realistic spatial
mechanism design problems.

1 Introduction
The finite-position kinematic synthesis methods yield a

linkage able to reach a set of specified positions. In the case
of planar linkages, the links are usually located in parallel

planes perpendicular to the joints, which defines their ge-
ometry to a great extent. In the case of spatial mechanisms
with general relative position between joints, such as those
obtained from spatial kinematic synthesis, the geometry and
properties of the links can be greatly modified by just slid-
ing the joint location along the joint axis. Notice that this
operation does not modify the trajectory of the linkage.

The actual geometry and location of the links have
important consequences for the performance of the link-
age, including but not limited to linkage size and occupied
space, self-intersections and obstacle avoidance, friction at
the joints and other force transmission issues.

Most of the current and past literature focuses on the
optimization for planar mechanisms, in which the kinematic
synthesis -mostly approximate synthesis- and the additional
requirements are solved simultaneously. The focus in most
of them is in optimizing the desired trajectory or motion
generation. Some commonly used optimization methods
for planar mechanism design are the least-square technique
with vector geometric and functional equations [1], the least-
square technique with assembly constraints [2], [3] and [4],
together with the use of loop equation techniques, [5], [6],
[7]. Other methods include geometric constraint program-
ming [8], and genetic algorithms ( [9], [10]). In [11], the
focus is on optimizing performance requirements. Also see
[12], [13] and [14].

For the optimized synthesis of spatial linkages, current
research focuses on using partial dimensioning to optimize
some characteristics, for instance workspace, isotropy and



dexterity [15], [16], [17] or stiffness [18]; for a summary
and literature review of this approach, with its challenges
and shortcomings, see [19]. The definition of thecharac-
teristic lengthhas also been used for the optimization of per-
formance parameters with disparate units, see [20]. In [21],
Pareto-optimal solutions are found for the optimization of
kinematic and dynamic specifications. Several indices have
been defined for optimizing a spatial version of the transmis-
sion index [22] and the optimization of motion/force trans-
missibility using screw theory [23]. The kinematic mapping
can also be used for optimization. This method, started by
Ravani and Roth [24], has been used in [25], [26] to op-
timize dimension and type of a mechanism. Optimization
of spatial mechanisms using GA has been done in [27]; the
work focuses on the optimization of the link lengths to ob-
tain a closer trajectory. In the case of parallel robots [28]
the focus has been to find parameters of the manipulator,
whose workspace contains the specified points. Kim and
Tsai [18] present the optimization of link lengths and some
link position parameters for a 3-CRR parallel manipulator in
order to maximize the stiffness for a given workspace vol-
ume. In [29], kinematic optimization is applied to optimize
the structure of a spatial mechanism that can be used for sur-
gical robot.

In most of the works presented, the optimization is per-
formed to account for additional requirements and to per-
form approximate synthesis simultaneously. This approach
has only been applied to simplified geometries, such as sym-
metric or planar mechanisms; the additional requirements
are mostly joint-related. No general synthesis plus link op-
timization method exists to our knowledge, possibly due to
the very high complexity of the resulting system of equa-
tions. The purpose of this work is to show that an optimiza-
tion method for general spatial mechanisms to treat the syn-
thesis and additional requirements independently is a good
solution, both from the computational and from the user in-
teraction and assessment point of view.

In our design methodology, the design process is divided
into two stages. The first stage uses kinematic synthesis in
order to create an articulated system able to perform a spec-
ified motion task, which consists of a set of positions in the
case of finite position synthesis. This stage defines, given the
type and number of joints and their connectivity, the relative
position between the joints and the first joint with respect
to the reference frame. This fully specifies the theoretical
workspace of the mechanism, if we assume no joint limits.
The second stage, which is the focus of this paper, deals with
the optimization of the links to satisfy a set of performance
requirements. The optimization is performed using a GA to-
gether with gradient-based minimization. The GA creates a
grid of iterative points and keeps only those under a certain
objective function value with respect to the previous itera-
tion, then the output from the GA is used as an input for the
gradient-based minimization to get into a global minimum

point. The optimization approach is illustrated on two ex-
amples: a spatial, one-degree-of-freedom CRR-RRR closed
linkage and a Bennett linkage.

The results show that the modification of the links along
the joints leads to dramatic changes in the final design and
performance of spatial mechanisms.

2 Link-Based Optimization
The input for the link-based optimization process is

taken from the output of a previous kinematic synthesis pro-
cess. The synthesis step yields a set of structural parameters
that can be, depending on the synthesis methodology used,
a set of points or vectors defining the axes if loop equations
or geometric constraints are used [30], Denavit-Hartenberg
parameters ( [31], [32]) defining relative position between
joint axes if forward kinematics equations are used, etc. In
any case, those design parameters can be used to compute the
Plücker coordinates of the joint axes at a given configuration.
The selection of reference configuration is arbitrary; usually
the first task position is used to define it. For instance, for an
n-jointed linkage, the input data for the optimization stage is
the set of joint axes

{Si = si + εs0
i }, i = 1, . . .n, (1)

wheresi is the unit direction vector for axisSi , s0
i is the mo-

ment of the axis, obtained as the cross product of a point
on the axis and the directionsi , andε is the dual unit such
that ε2 = 0. For some methods to compute the Plücker co-
ordinates of the joint axes from other structural data, see for
instance [33].

An initial implementation of the spatial linkage can be
obtained by drawing the links at the common normal lines
between consecutive axes. Manual adjustment of the links
can be performed by using a CAD model. The screw axes
obtained from the synthesis are drawn and then the links are
modified by sliding the anchor points as shown in Figure 1.
This procedure can yield a mechanism which is out of a con-
strained region for a given configuration, or it can help re-
duce the length of some of the links; however, due to the
high degree of nonlinearity and difficulty of visualizationof
spatial linkages, this process is time-consuming and does not
grant an optimized solution. In this work we show that a bet-
ter solution may be obtained for some of the requirements
if we perform the link-sliding operation as an optimization
problem.

In the following sections, the optimization algorithm
is developed and tested to account for different issues that
arise in spatial mechanism design, such as minimizing over-
all length of the linkage, avoiding interference with a given
region of space, minimizing friction at the joints due to
the transmission forces, or shaping a selected part/ area of



Fig. 1. CAD model for manual adjustment and optimization; Sliding

anchor point from (a) to (b) and from (c) to (d)

a mechanism. Each of these problems can be stated -and
solved- separately, or can be included in an overall optimiza-
tion.

2.1 Optimization problem formulation
In the optimization, the variables to consider are the slid-

ing parameters that define the anchoring points of the links
on the joints. An objective function and additional con-
straints that can be written as a function of these sliding pa-
rameters. The selection of the objective function depends on
the requirements of the design, and the only condition is forit
to be a continuous function of the sliding parameters. Some
of the possible objective functions include minimizing the
overall length of the mechanism, which may help decreasing
material usage, weight, inertia and overall space occupiedby
the mechanism; minimize friction at the joints, which helps
the overall efficiency of the linkage, etc. Figure 2 shows how
the optimization process fits in an overall design strategy for
spatial mechanisms.

Let link i j denote the link connecting jointi to joint j.
The sliding parameterti j on joint axisSi defines the anchor

Fig. 2. Overall design strategy. Link-based optimization stages are

shown inside the broken lines

point of link i j along this joint axis. LetCi be the point on
the joint axisSi at which the line from the origin intersects
the joint axisSi at a right angle, see Figure 3. LetPi j be
a point on the joint axisSi as defined in Figure 3, andti j
the corresponding distance toPi j from the pointCi along the
direction of the axis. For a similar formulation used to detect
self-intersections, see [34]. PointCi can be obtained using

Ci =
si ×s0

i

si ·si
. (2)

ThenPi j is expressed with respect toCi as follows,

Pi j = Ci + ti j si i = 1, . . . ,n. (3)

Notice that inPi j , the subscripti indicates that the point lies
on joint axisSi , while the second subscriptj indicates that it
also belongs to the line linking joint axisSi with joint axisS j .
For a single-loop closed mechanism, two points need to be



defined on each axis in order to specify all links, see Figure
3 (a). For a serial robot, two points are defined in each of the
axes except for the first axis. If the distance to the reference
frame is a parameter of interest, the first pointC1 could be
also included in the optimization asP10.

Fig. 3. Joint axes for two spatial mechanism topologies:(a) A closed

linkage, CRR-RRR; (b) A linkage with a tree structure, 3R-(2R,2R)

A possible objective function is formulated to minimize
the overall length by considering the offset distances along
the joint axes, the lengths of the links between each pair of
connected axes, as well as the length of the links to the end
effectors. For example for a closed, n-jointed mechanism,
the objective function is a quadratic function with 2n vari-
ables, the scalar slidesti j . A mechanism can have multiple
end effectors, like the one in Figure 3 (b); in that case, dis-
tances to each of the end effectors are also included in the
objective function. For instance, equation (4) is an objective
function withm number of end-effectors, where pointPD j is
one point in the end-effectorD and pointPD j is a point on
axis j, and the line joining both points defines the last link
on that branch. Assuming that the joints are numbered con-
secutively, the objective function is stated as

F =
( n

∑
i=1( modn)

(

(Pi,i+1−Pi,i−1).(Pi,i+1−Pi,i−1)

+ (Pi+1,i −Pi,i+1).(Pi+1,i −Pi,i+1)
)

+
m

∑
j=1

(PD j −PjD).(PD j −PjD)
)

(4)

Using this notation, we considerS0 to be the joint “pre-
vious to the first one”. For serial chains, that defines a ground
link from the reference frame, while for closed linkages, the
last joint axis is the one denoted asS0, creating a ground link
between the last and first joint.

Another possible objective function can be formulated
as shown in Equation (5), used to optimize the efficiency by
minimizing friction for a linkage with revolute joints, impos-
ing a certain angle of incidence of the links on the joints.
ConsideringL as the set of indicesi j for all links in the
mechanism,

F =
( n

∑
j=1( modn)

i j∈L

( (P ji −Pi j )
∣

∣

∣

∣Pji −Pi j
∣

∣

∣

∣

·sj)
2
)

(5)

Several requirements could be optimized simultane-
ously by using multi-objective optimization [35], [36], how-
ever in our case adding additional constraints to create a
constrained optimization solves the problem efficiently. The
derivation of additional constraints is shown in next section.

2.2 Additional Constraint Functions
The link-based optimization algorithm developed in this

paper allows the definition of a number of linear and non-
linear constraints to satisfy link dimensions, obstacle avoid-
ance, reduction of friction loads and manufacturability con-
straints. This section presents the formulation of the con-
straints as a function of the sliding parameters.

2.2.1 Link length and joint offset constraints
For many practical cases, constraints on the link size are

required [36]. In the case of offset length, the distance be-
tweenPi j andPik is set to be greater than or equal to a con-
stant value d, in order to help in the implementation of joints
for ease of assembly. This addsn equality or inequality con-
straints,

√

(Pik −Pi j ).(Pik −Pi j ) ≥ d, i = 1, . . .n, (6)

which are linear in the slide parameters, yielding

tik − ti j ≥ d, i = 1, . . .n. (7)



Similarly, a minimum and a maximum link size may be
required for manufacturability and compactness. This is ac-
complished by setting the valueslmin and lmax for the mini-
mum and maximum link lengths respectively, which add 2n
additional inequality constraints,

l2min ≤ (Pi j −Pji ) · (Pi j −Pji ) ≤ l2max, i = 1, . . .n,

i j ∈ L . (8)

These equations are quadratic in the link slide parametersti j .

2.2.2 Constraints for obstacle avoidance
Another common requirement is for the mechanism to

avoid a certain region of space during its motion, or to es-
tablish a certain relation of closeness/separation with respect
to a certain region. Here the links are modeled as cylin-
ders, with radiusRi j . The obstacle region can be modeled
or represented by different geometrical shapes, for instance
as a cylinder with radiusRc and axis of the cylinder passing
through pointsPc1 and Pc2 as shown in the Figure 4; as a
sphere with radiusRs and its center at pointSc (Figure 5); as
a plane or set of planes, etc.

Within the minimization algorithm, this problem has
been stated as a set of constraint functions, defined in such
a way that the linkages of the mechanism must stay out of
the constrained region (cylinder, sphere etc) or maintain a
certain distance with respect to the region.

Cylinder constraint equations

Fig. 4. Constraint Region Represented by a Cylindrical Surface

Considering a pointPi j on axisi and belonging to link

that joins axisj with axis i. The axes of cylinder and links
are expressed using dual vectors asLc andLi j ,

Lc = sc + ε(Pc1 ×sc)

Li j = si j + ε(Pi j ×si j ), i j ∈ L , (9)

wheresc and si j are the direction vectors for the cylinder
axis and for the link respectively, and can be found using
Equation (10),

sc =
Pc2 −Pc1

||Pc2 −Pc1||

si j =
P ji −Pi j

∣

∣

∣

∣P ji −Pi j
∣

∣

∣

∣

(10)

The expression for the minimum distance betweenLc andLi j

along the common normal line,ai j , can be found from the
dual dot product of the linesLc andLi j as shown in Equation
(12). For the notation see Figure 4. In order to keep the
links out of the restricted region, the constraintsai j ≥ (RC +
Ri j ) are enforced in the optimization problem. In order to
keep this obstacle avoidance constraint within the length of
the cylinder, a condition is added to penalize this constraint
when a link of the mechanism falls beyond the length of the
cylinder. In Figure 4, pointNC lies on the axis of the cylinder.
If it lies betweenPC1 and PC2, then the constraint will be
imposed, else the constraint will be penalized to be zero.

PC1 + t0sc ≤ NC ≤ PC1 + tLsc (11)

Lc.Li j = cos(βi j )− εai j sin(βi j ), i = 1. . . ,n. (12)

Wheret0 andtL are the scalars defining the limits of the cylin-
der andsc is the unit vector along the cylinder and defined in
Equation (10).

Sphere constraint equations
Let SC be the center of the sphere andRS be its radius.

When the region of interest is defined as a sphere, the region
avoidance condition is created by imposing the distance to
the center of the sphere to be greater than the sum of both
radii, which yields again 2n quadratic inequality constraints
for each configuration of the mechanism. The anchor points
will be outside of the sphere if

(Pi j −SC).(Pi j −SC) ≥ (RS+Ri j )
2
. (13)



Fig. 5. Constraint Region Represented by a Spherical Surface

For straight links, to keep the whole link outside of the
spherical region, calculate the perpendicular line from the
sphere center to the line joiningPi j andPji , using Equation
(14). The constraintdi j ≥ (Rs+Ri j ) is used.

di j =

∣

∣

∣

∣(Sc−Pi j )× (Sc−Pji )
∣

∣

∣

∣

∣

∣

∣

∣P ji −Pi j
∣

∣

∣

∣

, i j ∈ L . (14)

2.2.3 Force transmission specifications
The concept of transmission angle, a common perfor-

mance parameter for planar mechanisms, can be adopted for
spatial linkages. The components of the forces as projected
from link to axis are associated with friction, chatter and jam-
ming at the joints, while the link-to-link projection is anal-
ogous to the traditional transmission angle; transmissionin-
dices have been defined by calculating the screw geometry
of input and output joint axes [22], and it is independent on
the realization of the links along the joints. However, prob-
lems associated with friction at the joints can be minimized
by finding proper placement of the links with respect to the
joint axes. This is the issue covered in the current optimiza-
tion technique.

Let us considerα as the minimum acceptable transmis-
sion angle for force along the axisS j versus force perpen-
dicular to the axis, see Figure (6). Then we can state the
constraints for each link of the mechanism as

P ji −Pi j
∣

∣

∣

∣P ji −Pi j
∣

∣

∣

∣

·sj = cos(α j),

|cos(α j)| ≤ cos(α) (15)

Fig. 6. Schematic diagram for the transmission angle

Notice that the acceptable angle for revolute and pris-
matic joints needs to be different. Compared to revolute
joints, prismatic joints are much more problematic in their
application, they are sensitive to the direction and manner
of load application. As shown in [37], if the friction force
exceeds the component of the applied force along the slide
direction the joint will jam. Considering such situations and
assuming that the final value selected will be a function of the
materials and lubrication, a generic valueα = 60o is chosen
for revolute joints andα = 20o for prismatic joints, while for
cylindrical joints we use a compromise value and consider
that the acceptable angle must be aroundα = 45o.

2.2.4 Planarity
For some cases, we may need spatial mechanisms to

show a certain degree of planarity, at least in a given con-
figuration, for instance at the reference configuration. This
could yield quasi-foldable linkages, and it is also interesting
for robotic hands used in human environments, where the fin-
gers may be required to maintain planar shape at a reference
configuration, similar to the extended human hand.

To ensure the planarity of the mechanism, Equation (16)
can be applied for each joint of the mechanism to be at a
distance less or equal to a certain valued from the desired
reference plane. Consider the distance from a point,P, to
a plane, as the smallest distance calculated from the point
to any of the points on the plane, which happens along the
perpendicular line. This can be defined as,

d =
||Ax0 +By0+Cz0 +D)||

√

(A2 +B2+C2)
(16)



where the mechanism point isPi j = (x0,y0,z0) and the de-
sired reference plane isAx+By+Cz+D = 0.

2.3 Configuration-dependent constraints
Some of the constraints on the performance of the mech-

anism, such as the obstacle avoidance, are a function of the
configuration of the mechanism along a desired trajectory or
for its whole workspace. In these cases, the constraints need
to be enforced at a set of sampling points along the trajectory
or workspace of the linkage. This is not too computationally
costly for 1-dof mechanisms or when the motion of interest is
a single trajectory, however it becomes more costly as the de-
grees of freedom of the mechanism increase, in which case
a better strategy may be to consider the boundaries of the
workspace instead. For the purpose of this article, the focus
is on low-dof linkages or single one-dimensional trajectories,
and the sampled trajectory strategy is used, for which a set
of t equally-spaced points along the trajectory is considered.

In order to obtain the sampled trajectory, several strate-
gies can be used. If the kinematics of the mechanism is fully
defined, the trajectory can be generated using inverse or for-
ward kinematics techniques. For those cases in which this
approach is not available, a pre-defined trajectory may be
given or interpolated ( [38], [39]) and then the real trajec-
tory can be approximated [40]. For other path planning tech-
niques, see for instance [41].

For the CRR-RRR example, Figure 7 shows the required
trajectory. For the Bennett mechanism, the kinematics is well
known and an exact trajectory can be generated, shown in
Figure 8.

Fig. 7. Desired trajectory of the CRR-RRR linkage

Fig. 8. Trajectory for the Bennett linkage

As an example, for the spherical region avoidance con-
straints on the anchor points, the total number of these in-
equality constraints increases to 2tl , wheret is the number
of positions along the trajectory andl is the number of links
in the mechanism,

(Pk
i j −SC).(Pk

i j −SC) ≥(RS+Ri j )
2
,

k = 1, . . . t, i j ∈ L . (17)

Every other constraint that depends on the configuration of
the mechanism must be stated similarly.

3 Overall optimization strategy
Considering all the constraints and the objective func-

tion, the optimization problem involves the decision vari-
ables with their lower and upper limits, nonlinear objective
functions, linear inequality constraints and nonlinear con-
straints. The nonlinearity in the objective function and con-
straints provide the main difficulty in solving the problem.
A set of randomly generated solutions over those variable
bounds indicate that only few solutions are feasible. Such
a severe geometry of the feasible region makes the problem
even more difficult to solve. For this reason the hybrid ge-
netic optimization algorithm was found suitable to reach ata
global minimum point.

For each spatial mechanism, the optimization problem
is developed as shown in Equation (18). Due to the co-



existence of linear and nonlinear constraints in the optimiza-
tion problem, the linear constraints are mostly satisfied eas-
ily, however the nonlinear constraints may not be satisfied
as easily. Thus, depending on the problems and the solu-
tion obtained, the Augmented Lagrangian Genetic Algorithm
(ALGA) [42] is used with a penalty parameter to find the
feasible region. In ALGA, a subproblem is formulated by
combining the objective function and nonlinear constraint
function using the Lagrangian and the penalty parameters,
see Equation (19). A sequence of such optimization prob-
lems are approximately minimized using the genetic algo-
rithm such that the linear constraints and bounds are satis-
fied.

min f (x),such that

gi(x) ≤ 0, i = 1, . . .k

geqi (x) = 0, i = k+1, . . .kt

Ax≤ b

Aeqx = beq

lb ≤ x≤ lu (18)

F(x,λ,s,ρ) = f (x)−
k

∑
i=1

λisi log(si −gi(x))+
kt

∑
i=k+1

λigeqi (x)

+
ρ
2

kt

∑
i=k+1

geqi (x)
2 (19)

In Equations (18) and (19), g(x) represents the nonlinear
inequality constraints,geq(x) the nonlinear equality con-
straints,k the number of nonlinear inequality constraints, and
kt the total number of nonlinear constraints.A is anm×n
matrix,x is ann×1 column vector of variables, andb is an
m×1column vector of constants.

The parametersλi are Lagrange multiplier estimates,si

are nonnegative shifts andρ is the positive penalty parame-
ter. MathematicaR© is used to formulate the equations and to
createMatlab R© executable files. Depending on the nature
and complexity of the problem, the GA inMatlab R© took
from seconds to considerable amount of time to converge
to optimum solution. For the illustration of the algorithm,
two examples are presented. These examples are selected to
cover closed linkages with different applications and design
requirements.

4 Examples
The above procedure has been applied to a spatial,

closed-loop CRR-RRR, and to a Bennett mechanism. The
MathematicaR© code for these examples can be downloaded
from the project webpage, http://robotics.engr.isu.edu/. The

parameters used to run the genetic algorithm are the chromo-
some length, that is, the number of variables in the problem;
the initial population; and the initial value for the penalty
parameters. From multiple trials, we found a probability
crossover of 0.8 was good so that majority of the popula-
tion is regenerated after each generation cycle while keeping
the best solutions found. A stopping criterion is set so that
the algorithm stops when the population has fully converged.

4.1 CRR-RRR mechanism
The spatial, closed-loop CRR-RRR mechanism has one

degree of freedom and with the end effector located at the
intersection of the serial CRR and the serial RRR chains as
shown in Figure 3(a). The mechanism has been designed
to be used as an exoskeleton device for thumb motion [43].
Additional constraints are added to control the position and
size of the mechanism, and to reduce physical interference
with the user.

The kinematic synthesis of the mechanism alone yields
147 nonlinear equations in 97 variables, which makes it chal-
lenging to add more constraints in the synthesis process. The
output of the synthesis ensures the trajectory of the end effec-
tor but does not provide any insight regarding size and place-
ment of the linkage. The use of the link-based optimization
as a second stage is used to adapt the linkage to those per-
formance parameters, and illustrates the dramatic changesin
the linkage that can be obtained with this method, while still
targeting the same trajectory.

4.1.1 Problem Definition and Formulation
Consider one of the solutions obtained through the syn-

thesis of the CRR-RRR linkage as seen in Figure 9. The
screw axis in Plücker coordinates are given in the Table 1.
The black lines are the links of the mechanism, drawn by
connecting the common normal points of consecutive axes.
The green-colored lines represent the joint axes. The cylin-
der represents the user’s hand and forearm, with which the
mechanism should not interfere. As we can see in this ini-
tial solution, some of the joints interfere with the volume of
the cylinder, and the link sizes are also not controlled, rang-
ing from very small to very large. This initial solution is not
acceptable in terms of compactness, manufacturability and
assembly point of view. Therefore, a post-optimization of
the design was found necessary.

In order to see the effect of each optimization step, the
optimization of length, region avoidance and force transmis-
sion have been tested one by one and finally all at a time. In
all cases, the range of the required link lengths have been set
between 20mm and 150mm. The cylinder position and size
are shown in Table 2. The optimization problem was imple-
mented inMatlab R© code, and for this particular example,
the algorithm converges to a solution in approximately 45
generations.



Fig. 9. Initial CRR-RRR Mechanism. Black links are located at the

common normal lines between joints.

Table 1. Plucker Coordinates of the CRR-RRR Screw axes [mm]

Axis si + ε(s0
i )

1







−0.397
0.675
−0.622







+ ε







−295.833
−191.017
−18.657







2







−0.224
0.480
−0.848







+ ε







−108.798
−49.319

0.889







3







0.253
−0.523
0.814







+ ε







147.218
73.695
1.551







4







0.482
−0.109
0.870







+ ε







−139.844
246.543
108.428







5







0.591
−0.002
0.806







+ ε







−179.429
349.744
132.504







6







−0.642
0.317
−0.698







+ ε







−48.561
−369.995
−123.356







When minimizing only the total link size, we obtain the
link lengths shown in Table 3. However most of the mecha-
nism joints lie inside the restricted region, as we can see in

Table 2. Cylinder position and size in [mm]

Pc1 Pc2 RC


















274.62

−213.50

605.01





































71.06

−239.32

634.43



















63.26

Figure 10.

Fig. 10. Mechanism obtained after link length constraints used

Considering the region-avoidance problem alone, the
solution shows that all the links at the different task posi-
tions along the trajectory of the linkage stay out of the the
restricted region, see Figure 11 . However, most of the link
sizes are very large, see Table 3.

Considering the link optimization, obstacle avoidance
and the force transmission simultaneously gives a better re-
sult in terms of fulfilling the requirements. See Figure 12 for
the final solution and Figure 13 for a sampling of the motion
to avoid the obstacle. The link lengths are shown in Table 3.
Figure 14 shows the CAD implementation of the optimized
solution.

The objective function (F) obtained for link-size opti-
mization is 2.0785×104, for region avoidance 1.2306×105,
and for link size and region avoidance is 6.6886×104.

4.2 The Bennett mechanism
The Bennett Linkage is a 4R spatial closed chain. Ben-

nett discovered the geometric relations that ensure that this
chain can move with one degree of freedom. Research on the
Bennett linkage has focused on its instantaneous kinematic
geometry and its finite-position synthesis. In this study, the
Bennett mechanism is used as a hinge for a cabinet door,
Figure 15. The kinematic synthesis is performed to obtain



Fig. 11. Different configurations of the mechanism obtained after

region avoidance constraint is used

Fig. 12. Mechanism obtained after optimizing region avoidance,

overall length and force transmission

the desired trajectory. To get the optimum solution consid-
ering manufacturability, obstacle avoidance and smoothness
of motion, the link-based optimization technique outlined
above is implemented.

4.2.1 Problem Definition and Formulation
The initial implementation from the synthesis stage uses

the screw axes in Plücker coordinates as shown in Table 4.
In this particular example the mechanism created by con-
necting the common normal lines is fairly compact (Figure
16); however, some of the dimensions are too small from a
manufacturing and assembly point of view; for instance, the
smallest length is 5mm and the offset for the joints along the
axes is almost zero. In addition to this, part of the mechanism

Fig. 13. Motion of the mechanism obtained after optimizing region

avoidance, overall length and force transmission. Five positions

along the trajectory are reached by the mechanism while avoiding

the obstacle. (Green for the joint axis, black for linkage of the mech-

anism and blue for the end-effector)

Table 3. Link Lengths [mm] obtained through different optimiza-

tion stages: (1) Common normal lines directly from synthesis; (2)

Link-size optimization;(3) Region avoidance; (4) Link size and region

avoidance

Result
from

L12 L23 L34 L45 L56 L61 L4E f

(1) 0.31 0.50 25.36 31.44 18.36 26.90 55.87

(2) 20.00 57.13 76.50 46.96 40.04 51.18 20.00

(3) 244.91 46.43 543.16 125.93 184.05 277.83 671.00

(4) 150.49 57.13 138.75 46.96 109.92 150.66 151.00

Fig. 14. The CAD model for the final optimized solution at three

different configurations

lies inside the cabinet, that is, inside of the restricted region.
Considering minimum and maximum lengths, and obstacle
avoidance constraints, the solution may be a less compact
but applicable mechanism.

Figure 17 shows the optimized Bennett mechanism with
imposed constraints of minimum link length of 30mm, max-



Fig. 15. The Bennett Linkage used as a hinge and a cabinet door

(Courtesy of PsiStar Solutions)

Table 4. Plucker Coordinates of the Bennett Linkage Screw Axes

[mm]

Axis si + ε(s0
i )

1







0.301
0.827
0.475







+ ε







−5.12
1.901
−0.068







2







0.588
0.809
0.009







+ ε







−2.970
2.210
−4.896







3







0.798
−0.372
0.475







+ ε







−1.901
−4.164
−0.068







4







0.988
−0.156
0.009







+ ε







−0.381
−2.675
−4.896







imum link length of 60mm and an offset length of 15mm. As
we can see, the joints have now enough offset for assembly,
and the link lengths also fall within the range of the specified
constraints. However, part of the mechanism is still inside
of the restricted region, which is the cabinet; therefore, addi-
tional constraints to avoid this problem are required.

Obstacle avoidance
The cabinet has the shape of a cube. To simplify the

problem, an inscribed sphere is considered to define the re-
gion avoidance constraint. An incrementδ for tha radius is
used to take into consideration the thickness of the links, to
yield a sphere radiusSR + δ. The obstacle avoidance con-
straint keeps the mechanism on one side of the door and out
of the cube, Figure 18. However, the link sizes are much
longer than the perceived optimal solution. Finally, by in-
corporating all the constraints including link length, offset

Fig. 16. Initial solution of the Bennett linkage

length and obstacle avoidance, a better solution is found and
shown in Figure 19. The motion of the linkage can be seen
in Figure 20.

5 CONCLUSIONS
In the design of spatial linkages for a desired motion, a

great deal of flexibility is allowed in the choice of the link
location and dimensions. The optimization presented in this
paper is used to modify the links of the linkage in order
to fulfill additional performance requirements, such as total
length, force transmission, obstacle avoidance or geometry



Fig. 17. Optimized Bennett linkage with only link length constraints

Fig. 18. Mechanism with only obstacle avoidance and offset con-

straint. The blue square corresponds to the cabinet door.

at a given configuration. It is our experience that trying to
fulfill these requirements with a manual manipulation of the
links is tedious and overall difficult.

The method has been implemented using a hybrid ge-
netic algorithm plus gradient-based local optimization ap-

Fig. 19. Mechanism obtained with link length, offset length and ob-

stacle avoidance constraints.

Fig. 20. Motion of the final design for the cabinet linkage

proach inMatlab R©. This approach yields better results than
the single genetic algorithm approach as the number or non-
linear constraints increases.

The methodology is general enough that any link-based
requirement can be added to the optimization, either within
the objective function or as additional constraints. It is
straightforward to define the links in a CAD environment as
anchored in points sliding along the joint axes of the linkage,
making the application of the optimization results automatic.
The algorithm is also flexible so that it can be applied to the
overall mechanism or just to a part of it.

The results obtained show that dramatic changes in the
final design of the mechanism can be obtained by using this
method, making it a useful tool for the designer of spa-
tial mechanisms with arbitrarily-located axes. The links are
here defined as straight lines between anchored points at the
joints; in a future extension, the links will be allowed to have
a curved shape in order to increase the solution space.
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